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Key Points:

¢ The equations underlying an ocean-atmosphere turbulent flux algorithm may have no
solution or multiple solutions.

e Lack of a solution is caused by discontinuities in exchange coefficients and can be
mitigated by regularizing discontinuities.

e Turbulent flux parameterizations can yield non-unique surface fluxes. Ad hoc stability

limiters in E3SM can dictate when fluxes are unique.
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Abstract

We investigate whether or not the default ocean-atmosphere turbulent flux algorithm in
the Energy Exascale Earth System Model version 2 (E3SMv2) converges to unique surface
fluxes. We demonstrate that under certain conditions (i) discontinuities in the underlying
equations result in the lack of a solution for the algorithm to converge to, and (ii) more
than one set of surface fluxes may satisfy the aforementioned equations, some of which may
have non-physical interpretation. These issues underpinning the theoretical foundations of
the parameterization have significant impacts on the accuracy and convergence of turbulent

fluxes in E3SM.

We address issues of non-existence and non-uniqueness of surface fluxes in E3SM’s de-
fault algorithm by (a) regularizing discontinuous exchange coefficients to enforce continuity
and allow the algorithm to converge to a solution of the underlying equations, and (b) uti-
lizing an adaptive procedure for selecting limiting values of the Monin-Obukhov length to
ensure the underlying equations have a unique solution. The proposed revisions result in
significant changes to model latent and sensible heat fluxes which are most notable in boreal

winter in the Northern Hemisphere.

Plain Language Summary

The ability of Earth system models to provide accurate predictions of climatological
phenomena depends in part on accurately modeling interactions of the Earth’s atmosphere
and oceans. These interactions are encompassed by surface fluxes which represent the ex-
change of heat and momentum between the Earth’s atmosphere and oceans. This work
focuses on a set of equations commonly utilized in Earth system models such as the Energy
Exascale Earth System Model version 2 (E3SMv2) to compute ocean-atmosphere surface
fluxes and demonstrates that under certain circumstances, these equations can have no solu-
tion or more than one solution. The currently used formulation for solving these equations
in E3SM has no safeguards in place for detecting when these undesired scenarios occur and
thus returns non-physical solutions with large residual errors in these scenarios. We pro-
pose several modifications to this formulation for solving these ocean-atmosphere interaction
equations in E3SM which ensure that a unique solution exists, thereby improving accuracy

of the surface fluxes and ensuring interpretability of the surface flux algorithms.
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1 Introduction

An accurate calculation of ocean-atmosphere surface fluxes, which affect both the at-
mosphere and the ocean, is crucial to Earth system modeling. Since such fluxes occur at
spatial and temporal scales that are much smaller than those of a typical Earth system
model (ESM) grid cell (~ 1° x 1°), surface turbulent flux algorithms are employed to re-
late these fluxes to the large-scale mean quantities (lowest atmospheric layer wind speed,
temperature, and specific humidity, as well as sea surface temperature) that are resolved
dynamically. Generally, surface wind stress (7), sensible heat flux (SH), and latent heat flux

(LH) are related to these mean quantities thusly (Brunke et al., 2002, 2003):
T =pCpSU, SH=p,C,CuSOs—06,), LH=p,L,CrS(¢gs—qa), (1)

where p, is air density; C), is the specific heat of air; L, is the latent heat of vaporization;
U is the wind speed; S is the wind speed plus wind gustiness if considered (S = U if it is
not considered); 0, is the sea surface potential temperature; 6, is the potential temperature
of the lowest layer of the atmosphere model; g5 is the sea surface specific humidity; g, is the
lowest atmosphere model layer specific humidity; and Cp, Cg, and Cg are the turbulent

exchange coefficients for momentum, heat, and humidity, respectively.

Through Monin-Obukhov similarity theory (MOST) (Monin & Obukhov, 1954), one
may derive alternative expressions for the exchange coefficients which are dependent on

scaling parameters, u,, 6, and g,:

2

’LL* _
“gsyr O

w0, O — Ul
SO, —0a) " S(gs—qa)

The surface wind stress and sensible and latent heat fluxes may then be expressed as

Cp

(2)

T =peu?, SH= —paCpusby, LH = —pgL,u.q.. (3)

The scaling parameters u., 6., and ¢, must be determined iteratively since they are implicitly
defined using stability functions that account for the effect of convective (in)stability on
vertical fluxes. These stability functions are dependent on the stability parameter ¢ which

is a function of the scaling parameters and defined by

C(u*,a*,q*) :z/L(u*,H*,q*), (4)

where z is the height above the surface and L is the Monin-Obukhov length

uZf,

L sy Uss{x ) — 77— -
A N N
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Here, 6, is the virtual potential temperature such that 6, = 6,(1 4+ 0.61¢,) and 6, is the
virtual potential temperature scaling parameter defined as 0. (04, q+) = 0.(1 + 0.61g,) +
0.610,g«. The constants k and g denote the von Karman constant and standard acceleration

of gravity, respectively.

All ocean-atmosphere turbulent flux parameterizations are based on either (1) or (3).
However, there are key differences in assumptions underlying such parameterizations, for
instance the range of surface conditions for which the parameterization is valid, whether
wind gustiness is included, and whether a 2% reduction in humidity saturation at the ocean
surface is assumed (Zeng et al., 1998; Brunke et al., 2002, 2003). A number of studies have
quantified sensitivities of Earth system models to ocean-surface flux calculations (Harrop et
al., 2018; W. G. Large & Caron, 2015; Zeng & Beljaars, 2005) as well as sensitivities to the

choice of turbulent flux parameterization (Reeves Eyre et al., 2021).

Underpinning much of the prior analysis of turbulent flux parameterizations is the
assumption that they are well-posed, that is, the underlying equations associated with the
parameterization can be solved to obtain unique scaling parameters and surface fluxes. To
the best of our knowledge, there has been no systematic analysis carried out to ascertain
whether or not the aforementioned parameterizations can actually be solved uniquely for
the surface fluxes. Instead, in many Earth system models, numerical methods are applied
indiscriminately to approximate the surface fluxes without consideration of whether or not

the approximated quantities actually satisfy the underlying equations.

In this study, we establish basic results on well-posedness, or lack thereof, for a par-
ticular ocean-atmosphere turbulent flux parameterization. We consider the default ocean-
atmosphere turbulent flux parameterization based on the work of W. Large & Pond (1982)
in the Energy Exascale Earth System Model version 2 (E3SMv2) (Golaz et al., 2019) but
also discuss where the analysis in the present work applies to other turbulent flux algorithms

as well. The aim of this study is to establish:

1. Whether or not there always exists a solution to the equations underlying the W. Large
& Pond (1982) turbulent flux parameterization. We demonstrate that lack of solution
existence is an issue that occurs in this parameterization due to discontinuities of some
exchange coefficients. In this scenario, the computed surface fluxes introduce large

errors that are then propagated into the ocean and atmosphere models.
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2. Whether or not a solution to the equations underlying the turbulent flux parame-
terization (if it exists) is unique. We demonstrate that under certain atmospheric
conditions there are multiple surface fluxes which satisfy the aforementioned equa-
tions, some of which have a non-physical interpretation. Moreover, the default E3SM
parameterization may converge to these non-physical surface fluxes under certain cir-
cumstances, thereby introducing significant approximation error which is again prop-
agated to the ocean and atmosphere models. We also demonstrate that the number
of surface fluxes satisfying the underlying turbulent flux parameterization is strongly
influenced by ad hoc limiters utilized in E3SM to restrict the Monin-Obukhov length

to a desired range.

The analysis in this work is substantiated with model runs from E3SMv2 which demonstrate
how these mathematical issues manifest in practice. Based on our analysis, we present
several techniques to ensure that the turbulent flux parameterization is well-posed. These
include regularization techniques to address discontinuous coefficients that prevent solution
existence and an adaptive adjustment to Monin-Obukhov length limiters to ensure solution

uniqueness.

The rest of this work is presented as follows. In Section 2, we provide an overview
of ocean-atmosphere surface flux algorithms in E3SMv2. In Section 3 we analyze issues of
well-posedness in the aforementioned algorithms and prescribe modifications to ensure well-
posedness. Section 4 includes a sensitivity analysis of E3SM to the proposed modifications,

followed by conclusions in Section 5.

2 Methodology

In this section, we describe the default ocean-atmosphere turbulent flux parameter-
ization in E3SM and the numerical methods used to compute the turbulent fluxes. An
analysis of the lack of mathematical well-posedness of the turbulent flux parameterization

is presented followed by introduction of techniques to alleviate these issues.

The following terminology shall be used frequently hereafter. Of particular note is that
we make a distinction between the turbulent flux parameterization and the turbulent flux

algorithm.
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o Turbulent flux parameterization: the equations that describe the scaling parameters,
Uy, O, and g, i.e. (8) in Section 2.2.

e Turbulent flux algorithm or iterative method: the numerical method used to compute
a solution of the turbulent flux parameterization, e.g. Algorithm 1 in Section 2.2.
Such an algorithm/method is called convergent if the iterates converge to a solution
of the parameterization.

o FEquations underlying the turbulent flux algorithm: the turbulent flux parameteriza-
tion.

 Euxistence of a solution (to the underlying equations): at least one solution can be
determined which satisfies the equations underlying the turbulent flux algorithm.

» Uniqueness of a solution (to the underlying equations): exactly one solution satisfies
the equations underlying the turbulent flux algorithm.

o Well-posed equation or parameterization: an equation or set of equations for which

there exists a unique solution.

2.1 E3SM Model

The E3SMv2 is the Earth system model developed by the U.S. Department of Energy
(Golaz et al., 2019) that includes components for the atmosphere, ocean, sea ice, ice sheets,
and rivers. In this study, we run E3SMv2 for 10 model years with active atmosphere,
land, and rivers. External forcing conditions including sea surface temperatures and sea ice
fraction, aerosol emissions, etc. are specified using the climatological mean of 2005-2014 with
repeating annual cycles. We refer to such simulations as F2010 following E3SM’s naming
convention for model configurations. The atmosphere model, the E3SMv2 Atmosphere
Model (EAMv2), has undergone a number of changes and tuning from vl to v2 (Xie et al.,
2018; Ma et al., 2022).

We produce two different F2010 simulations: CTRL, which uses the default ocean-
atmosphere flux algorithm (see Section 2.2, Algorithm 1), and SENS, which uses the al-
gorithm developed in this work that ensures that the parameterization is well-posed (see
Section 3.5, Algorithm 3). In these simulations, we employ the CondiDiag tool (Wan et al.,
2022) to obtain daily instantaneous output of near-surface and surface quantities to use as

input for offline turbulent flux calculations and analysis.
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2.2 Ocean-atmosphere turbulent flux algorithm

The focus of this work is on the default ocean-atmosphere exchange algorithm (W. Large
& Pond, 1982) in E3SM inherited from the Community Earth System Model (CESM) (Hur-
rell et al., 2013). An initial estimate of the scaling parameters is made assuming neutral

stability:

we = Cpn(U)-U
uony =U

0, = Cin(A0) - AD

g« = Cen - Agq,

where A0 = 60,—0,, Aq = q,—qs, and Cpy, Cyn, and Cgy are neutral exchange coefficients
defined as follows. The neutral momentum exchange, or drag, coefficient C'py is determined
from the 10-m neutral wind speed w19y using an empirical expression derived in W. G. Large

& Pond (1981):

0.0027

Ui10N

Con (uron) = +0.000142 + 0.0000764110y -

The remaining neutral exchange coefficients are defined as

0.0327, if¢<0
Cun(¢) = Cpn = 0.0346.

0.018, if ¢ >0,

Two additional iterations are made accounting for the effects of stability and to shift
the exchange coefficients up to measurement height. Therefore, the non-neutral exchange

coeflicients are derived from the neutral exchange coefficients:

Cpon(uion)

14 VORI (1) g (C(ut, s 42)

k

Cp(uion, C(ux, O, qx)) =

Cr(C(un, 04, 01)) = (©)
1 (C (s 0, 42)) 1 4 Qo (8ot D) (11 (2 ) — 4y (C (s, 6s, q4))]
Cp(C(us, 0s.q.) Cox

T 1t S () — 9y (e s q))]

where ,,,, ¥n, and 1, are the stability functions for momentum, heat, and humidity, re-

spectively. The stability functions are defined piecewise for stable and unstable conditions
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as

i [+ 2@+ @A) ) 2t (0 + 5, <0
wm(C) =
—5(, (>0
1+ x%(¢)
In(—=——=), (<0
wO=wm@={" 2
—5¢, ¢>0,

where x(¢) = (1 — 16¢)'/4.

The default turbulent flux parameterization in E3SM applies a limiter to prevent the
magnitude of ( from growing too large. The limited stability parameter, which we denote

by C, is defined by

5(’&*, 0+, ¢ Cmax) = min{|§(u*, 0+, 04)|, Cmax} -sgn(C(tx, Oss Gs))- (7)
We refer to the parameter (a.x > 0 as the limiting parameter. Its value is set to 10 in
the default turbulent flux algorithm. A detailed analysis of the stability limiter and its

relationship with uniqueness of solutions of (8) is provided in Section 3.5.1.

Algorithm 1 summarizes the default ocean-atmosphere turbulent flux algorithm in
E3SM. Of particular note is that the neutral 10-m wind speed is updated first, followed
by simultaneous updates to the scaling parameters. Additionally, with numerical methods
such as the one described in Algorithm 1, a common practice for evaluating when to stop
performing more iterations is to verify whether the relative residual |y,+1 — Yn|/|yn|, where
y € {ux, u1on, O+, ¢+ }, is within a desired tolerance or the number of iterations has reached
a specified maximum. In contrast, the default E3SM ocean-atmosphere turbulent flux algo-
rithm described in Algorithm 1 always performs two iterations. No checks of the residuals
are performed to ascertain whether convergent behavior is observed and the residual is

acceptably small.

The system of equations iteratively solved by Algorithm 1, which we call the turbulent

flux parameterization, can be summarized as

uy = Cp(uion, C(ux, bs,q4)) - U
- Cp(uion, C(ux, 04, qx)) U
CDN(UloN) (8)

qx = CE(C(U*, 0., Q*)) : AQ-



Algorithm 1 Default atmosphere-ocean iteration in E3SM.
Input: Bulk variables U, Af, and Aq and limiting parameter (pax.-

Output: Approximation (us)n, (410N )n, (0x)n, and (g«), to the turbulent flux param-
eterization (8).
1: procedure DEFAULTITERATION(U, A6, Aq, (max)

2: Compute the initial estimate based on neutral conditions

(uron)o = U
(’u,*)o = \/ODN(U) . U
(0)0 = Cun(AG) - Al

(Q*)O = C1E’N : Aq

3: Compute limited stability parameter {, = f((u*)o, (0+)0, (¢+)0; Cmax) according to

(7).

4: forn=1,2do

5: Update 10-m neutral wind speed:
_ OD((UION)TL—17 g’n—l)
(uwN)n = )
VCon (w108 )n-1)
6: Apply updated 10-m neutral wind speed to simultaneously update scaling pa-
rameters:

(Us)n Cp((u10n)ns Cn1) - U

(@ )n CE(Canl) AV
7 Update stability parameter ¢, = 5((1;*)”, (0:)ns (@) n; Cmax)-
8: end for

9: return (Us)n, (6«)n, (¢ )n-

10: end procedure

194 We note here that (8) shifts the 10-m neutral transfer coefficients to the height and stability
195 of the atmospheric state variables (W. B. Large, 2006). The system (8) may be written in

196 the form
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where X = (U, U10n, 04, )7 and f is the vector-valued function on the right-hand side
of (8). Solutions of (9) are known as fixed points of the function f. At such points, the
scaling parameters uy, 0y, ¢., and neutral 10-m wind speed w19y are unchanged under the
transformation f. No closed form solution of (8) in terms of elementary functions is currently
known. Instead, an approximate solution is obtained from an iterative procedure such as

the one described in Algorithm 1.

The iterative procedure in Algorithm 1 more generally falls under the framework of
nonlinear Gauss-Seidel iterations (Ortega & Rockoff, 1966) which produce a sequence of

iterates {x,} that satisfy

g(xn+17xn) =0 (10)

for a given iteration function, g, with the initial guess, xg, given by neutral 10-m conditions
as in (5). Given two generic vectors, r,s € R*, the function, g, that corresponds to the

iteration in Algorithm 1 takes the form

r1 — Cp(re, ((s1,83,84)) - U
Cp(52,4(51,53,54))
rg — =220 Lissd)) [y
g(r,s) = V/Cpn(s2) _ (11)
r3 — Cr(((s1,53,54)) - A

rs — Cp(((s1,53,54)) - Ag

As n — oo, a desirable property of iterations such as (10) is that the iterates x,, converge
to the true solution of (9), x,. We shall discuss shortly in Section 3.1 the conditions under

which such a convergence property can be expected.

Lastly, we note that taking g(x,+1,Xn) := Xpt1 — af(x,) — (1 —a)x, for 0 < a < 1

yields the damped fixed point iteration
Xnt1 = of (%) + (1 — @)x,. (12)

This iteration (12) and its theory are closely related to the nonlinear Gauss-Seidel iteration
(10). Given the convergence theory for the fixed point iteration is more straightforward
than for the nonlinear Gauss-Seidel iteration, the related theory for the fixed point iteration
is presented in Section 3.1 to provide the reader with an understanding of the relevant

conditions required for (8) to have a solution and for the iteration (10) to converge.

—10—-
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3 Analysis

The well-posedness of a system of equations such as (8) plays a large part in deter-
mining the convergence (or lack thereof) of numerical methods, such as the one described
in Algorithm 1, that attempt to approximate solutions to these equations. For example, a
system with multiple solutions can result in numerical methods oscillating between those
solutions, and a system with no solutions will effectively ensure no numerical method will
converge. Thus, it is important that well-posedness of turbulent flux parameterizations be
analyzed prior to the application of any numerical methods. To the best of our knowledge,

this analysis has not yet been carried out for the turbulent flux parameterization (8).

Our analysis consists of two components. The first part, described in Section 3.1,
answers the question of whether there always exists a solution to the turbulent flux param-
eterization (8). The second part, described in Section 3.5, answers the question of whether

a solution to the turbulent flux parameterization is unique.

3.1 Existence of the scaling parameters

It will be useful in the proceeding analysis to view the turbulent flux parameterization
in the form (9). The existence of a solution to (9) is typically proven by appealing to
established results on contraction mappings. The function f in (9) is a contraction mapping
if it maps any two distinct points to points that are closer together. Formally, this means

that there exists 0 < A < 1 such that

1£() = £l < Allx = vl (13)

for all x and y. Both existence and uniqueness of a fixed point of f are only guaranteed
when f is a contraction mapping within some region around the initial iterate x¢ (Isaacson
& Keller, 1994). This result is summarized in Theorem 1. In the case when f is not
a contraction mapping, existence and uniqueness of a solution to (8) are generally not

guaranteed.

Theorem 1 ((Isaacson & Keller, 1994, §3.3 Theorem 1)). Let xo denote the initial iterate
to (12) and suppose f is a contraction mapping with constant A € (0,1) for all x,y satisfying

[|x —xo0l| < p, |ly —xo|| < p- Suppose also that the initial iterate xo satisfies
[I£(x0) = %o[ < (1= A)p. (14)

Then for a = 1, the iteration (12) has the following properties.

—11-



f is a contraction mapping
if it maps arbitrary points
closer together.

If fisa

, If fisnota
contraction... f

contraction...

... then there exists a unique

solution x, to .. then the well — posedness of
x = f(x) x = f(x)
and convergence of the iteration is inconclusive. There are several possibilities :
Xui1 = £0¢n) 1. No solution exists.

is guaranteed. 2. There exists a unique solution.
3. There exists more than one solution.

Moreover, convergence of the iteration
Xns1 = £(xn)

is inconclusive.

f is a contraction
mapping in ||x —Xol| < p

first iterate x; = f(xo)
lies in ||x = Xxol| < (1-A)p

Figure 1: Visualization of (i) contraction mapping and (ii) Theorem 1. If f is a locally
contractive mapping and the initial iterate x; = f(x¢) is within the (1 — A)r ball centered

at xg, then the sequence x, 11 = f(x,) is guaranteed to converge to a solution x.

247 1. All iterates x,, satisfy
[%n = %ol < p-

248 2. The iterates converge to a vector X, which is a solution of (9):

lim x, = x,, where x, = f(x,).

n—oo
249 3. The solution X, is the only solution of (9) in ||x — Xo|| < p.
250 In general, Theorem 1 provides sufficient but not necessary conditions for local exis-
251 tence and uniqueness of the fixed point, i.e., a violation of condition (13) or (14) does not

—12—
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FPI for model problem with solution

2.0 —— standard FPI (a = 1)
—— damping, a = 0.9
1.5 —— damping, « = 0.75
—— damping, a = 0.5
1.0
r
0.5
0.0
—0.5
0 10 20 30 40 50

Iteration

Figure 2: Standard fixed point iteration with various values of the damping parameter «
for the function h in (15) which has no fixed points. The iteration oscillates regardless of

choice of method because there is no solution satisfying = = h(x).

necessarily mean that a unique fixed point does not exist. Nevertheless, since the function f
corresponding to the turbulent flux parameterization (8) contains a jump discontinuity due
to the discontinuous definition of the exchange coefficient C'y, we note that f can never
satisfy the contraction property (13). Moreover, we shall demonstrate that this discontinu-
ity leads in some scenarios to the non-existence of a solution of (8) which manifests in the

iteration (12) as an oscillating iterate x;,.

Before illustrating the impact of discontinuities in the turbulent flux parameterization
(8), we first consider a simpler problem which is emblematic of issues encountered in (8).

Consider computing the fixed points of the simple function

x+1/2, <0
h(z) = (15)
-1/2, x> 0.

The function h has no fixed points, i.e. x = g(z) has no solutions. Moreover, applying (12)
with various damping parameters for 100 iterations, we observe that z,, oscillates infinitely
between —1/2 and 1/4. Figure 2 shows a history of the iterate z, as well as a graph of
h. The oscillations observed in this simple example are indicative of the iteration behavior

that occurs under certain conditions for the turbulent flux parameterization (8).

We next turn our attention to the impact of discontinuities in the turbulent flux pa-

rameterization (8) on convergence of the default E3SM iteration described in Algorithm 1.

—13—
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The third equation of (8) may be written in expanded form as

Cun(Q)
0, = AO =: . 16
1+ 9 (1n(2/10) — a(C)) ol (1)

Figure 3 shows graphs of Cyy and f3 as functions of the stability parameter . In general,
f3 always contains a discontinuity due to the discontinuous behavior of Cyy. However,
issues only arise when the meteorological variables are such that the solution of (8) would
lie along the discontinuity of fs3. One such example arises for the meteorological conditions

given by

U=035m/s, z=1336m, 0, =299.29K, 6, =29983K, ¢, =1885g/kg. (17)

We apply Algorithm 1 to this example for 100 iterations. For brevity, we only show results
for the iterate 6,, and its residual |0,,+1 —0,,|/|0| (Figure 4) and note that while oscillations
are present in all solution variables, they are most strongly observed in 6, that is derived
from f3. The relative residual error in 6, for this example is approximately 50% and indicates
that the computed scaling parameters do not satisfy the underlying equations that comprise

the turbulent flux parameterization (8).

While the oscillatory results in Figure 4 do not necessarily mean there is no solution
to (8) for the scenario described by (17), the simple example shown here suggests that the
oscillations in the iterate x, are possibly caused by the discontinuity in Cgyy. Indeed, we
shall demonstrate in Section 3.2 that a small modification to C'yn to remove the disconti-

nuity at ¢ = 0 eliminates the oscillations entirely and allows the iteration to converge to a

solution.
Cin 0.04]
0.030 —oem CVreg
T Clres 0.03
- “\ ---- C? reg o
~ A
20.02 \ F
© AN )
NN 0.02]
W
0.020]
) 1 0 i 3 0.01——3 1 I 3

~o

Figure 3: (left) Neutral exchange coefficient of heat and its regularizations. (right) Iteration

function f3 and its regularizations.
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0.018 ’_ 50
0.016 <
<
0.014 £ 0
(0]
< 3
0.012 g
250
0.010 =
[}
o
0.008
0 20 40 60 80 100 0 20 40 60 80 100
Iteration Iteration

Figure 4: The iterate 6,, and the relative residual in |0,,41—6)|/]0,| when approximating the
solution of the turbulent flux parameterization (8) with conditions described by (17). The
iterates are described by Algorithm 1 with the exception that 100 iterations are performed

rather than 2.

status
converged
no solution

0 15 30 45-24-16-8 0 & —18—-12 -6 0 6

U (m/s) Af (K) Aqg (g/ke)
Figure 5: A corner plot showing the marginal probability distributions and pairwise scatter
plots of the variables U, A#, and Agq for both atmospheric conditions that have no solution
and those whose iteration converges to a solution. The U, A#, and Aq samples used here
are 10 years of daily instantaneous output from the CTRL simulation. The classification
(“converged” versus “no solution”) was done in offline calculations using Algorithm 1 and

100 iterations.
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It is difficult to definitively determine which sets of meteorological variables result in
Algorithm 1 exhibiting oscillatory behavior. Nevertheless, to provide some insight into the
conditions which generate the scenario observed in Figure 4, we consider ten years of data
from the F2010 simulation CTRL, utilizing the CondiDiag tool (Wan et al., 2022) to write
out daily instantaneous values for the state variables. Using these daily values, we perform
100 iterations of Algorithm 1, and each data point is classified as either (i) having no solution
if it exhibits oscillatory behavior or (ii) having converged if the relative residuals for each
solution field are less than 1071°. The marginal probability distributions for U, A, and
Agq are provided in the main diagonal of Figure 5 for both data points with no solution
and data points that have converged to a solution. Off-diagonal entries show the pairwise
scatter plots of U, Af, and Agq for each class of data. The main condition in which there is

usually a lack of convergence in the solution of (8) is approximately 0 K < A8 < 0.7 K.

With conditions identified in which there might be a lack of convergence in (8), we
explore how often the model exhibits these conditions. Figure 6 shows the percentage of
days in which 0 K < A8 (between surface and air) < 0.7 K for the months of December,
January, and February (hereinafter DJF) as well as June, July, and August (hereinafter
JJA). In DJF, the most frequent occurrences of these conditions are in the Southern Ocean
along the ice edge. Higher frequencies are also found in the mid-latitude storm tracks over
the North Atlantic and Pacific Oceans. In JJA, the most frequent occurrences are over the

North Atlantic and Pacific just south of the ice edge, as well as over the Arabian Sea.

180 150W120W 90W 60W 30W 0 30E 60E 90E 120E 150E 180 180 150W120W 90W 60W 30W O 30E 60E 90E 120E 150E 180

2 4 6 8 10

Figure 6: Percentage of days for which the daily instantaneous output of Af in DJF (left)
or JJA (right) falls in the range of 0 K to 0.7 K in 10 years of the CTRL simulation. Gray

shading indicates land, and white areas are sea ice.
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3.2 Regularization of heat exchange coefficient

To enforce continuity of the heat exchange coefficient C'p n, we propose a simple C* reg-

(k)

ularization which replaces the jump discontinuity with a polynomial function pe,., allowing
the regularized coefficient, C‘gcj)vsmg, to have k continuous derivatives:
0.0327, ¢ < —€reg
2k+1
(k) o k — j
CHN7Ex‘eg(C) T pgil,(c% _Ereg < C < Ereg ) pgre)g(c) T Z ajC]7 6reg > 0.
j=0
0.018, (> €reg
The coefficients, a;, are obtained by enforcing the continuity conditions
(k) (k) Fpr e, .
Per) (—Ereg) = 0.0327,  p.”) (ereg) = 0.018, a3 =0, 1<j<k,
G (==ereg

which amounts to solving a system of 2k + 2 linear equations. For completeness, we state

the C° and C' polynomials below:

0.00735
P (¢) =0.02535 — —
reg
0.011025 ., 0.003675
M (¢) = 0.02535 — C+——¢.
ros 51”65 Ereg

An example of the regularization for e, = 1 is shown in Figure 3. With the regularized

coeflicient C'gcz)\, ereg WE MAY define the regularized turbulent exchange coefficient él(‘i)areg by

Cgcl)v,amg (C(ux, 04, q+))

O oo (Cunsbura))
e o n(35) — (¢ (s, b, g)))]

to replace the discontinuous coefficient Cy in (8). The regularized turbulent flux parame-

é(}{k’)areg (C(u*’ 9*? q*)) =

(18)

1+

terization based on the Large and Pond parameterization (8) and the regularization (18) is

given by

Uy = CD(“ION) C(U*, 9*, Q*)) U
UloN = CD(UlON, <(u*76*7q*)) U
Cpn(u1on) (19)

0. = ég_ﬁ)ereg (C(u*v 0., q*)) A

qx = CE(C(U*7 6‘*7 Q*)) : A(].

The regularization parameter €. determines how much of the original exchange coef-
ficient C'yn is replaced by the polynomial pye,.,. In principle, any positive value of &yeq
ensures that the range of f is a connected region in R* and thus, the oscillatory behavior
in Algorithm 1 should be avoided. However, in practice, smaller values of €,¢; will preserve

more of the original exchange coefficient but may not alleviate the problem of oscillating
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Figure 7: The iterate 6,, and the relative residual in |0,,41—6,|/]0,| when approximating the
solution of the regularized turbulent flux parameterization (19) with conditions described
by (17). The value of the regularization parameter is €;cg = 0.1. The iterates are described

by the nonlinear Gauss-Seidel iteration (20) with damping parameters chosen from a €

{1,0.5,0.1}.

iterations due to the sharp gradient associated with small €. On the other hand, larger
values of €., make it easier for numerical methods to converge to a solution of (19) but
modify more of the original exchange coefficient. Thus, care must be taken in choosing €,eg
so that the key features of the original exchange coefficient are preserved while also not

making it onerously difficult for iterative methods to converge to a solution.

3.3 Damped fixed point iteration for the regularized system

Convergence of the iteration applied to the regularized parameterization (19) requires
the use of damping (cf. equation (12)). To see this, we apply a variant of the default
iteration described in Algorithm 1 which introduces a damping parameter o > 0 to the
regularized turbulent flux parameterization (19) with e..g = 0.1 for the example described
by (22). This iteration may be described by the nonlinear system g(x,+1,X,) = 0, where

g is the function

r1 — aCp(re, ((s1,53,84)) - U — (1 —a)sy

Cp(s2,((51,53,54))
g — qEele2lbnsssa) p (] o),
g(r,s) = " v/ Cbon (t2) . (20)
rs—aCy_ (C(s1,83,84)) - A0 — (1 —a)s3

T4 — aCp(((s1,83,81)) - Ag — (1 — a)sq
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We apply the iteration described by (20) with 100 iterations and vary the damping parameter
from a € {1,0.5,0.1} (Figure 7). It is clear that the damped iteration (20) converges to
the solution of the turbulent flux parameterization (19) so long as the damping parameter
is chosen carefully. In particular, if « is too large relative to ecq, the oscillations are still

present at varying levels depending on the value of « chosen.

3.4 Stopping criterion

Before presenting the full algorithm for approximating the regularized turbulent flux
parameterization (19), we discuss convergence criteria for terminating the iterative process.
The default E3SM iteration in Algorithm 1 takes two iterations before terminating and
returning the second iterate as the approximation to the scaling parameters. In practice,
such iterations are typically terminated by utilizing a convergence test and terminating the
iteration if the convergence test is passed or a maximum number of iterations is taken.

Given (us, u1oN, 0«, ¢« ), we define the residual

4

R(u*aUIONya*y%k) = Z|n(u*,u10N79*7q*)|2, (21)
=1

where

Ux — CD(“ION? C(U*70*7Q*>) -U

71 (Ui, U1ON , Ox, Gx) =

U
uion — Cp(uron, ((us, 04, ¢+))//Con(uion) - U

7o (U, U1ON , Ox, Gx) =

Ui10N
0. — Ci.. (C(us,0s,q.)) - A
73(Us, U10N , Ox, Gx) = 7
*x C u*ae*a * : A
(s 110w, B ga) = 2 r(C( - qx)) - Aq

are the component relative residuals for each scaling parameter and may be viewed as the
relative change from the current iteration to the next iteration. We note here that (21) is

simply the ¢? norm of the component residuals.
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Algorithm 2 Regularized atmosphere-ocean iteration.
Input: Bulk variables U, Af, and Ag; limiting parameter (.x; damping parameter

a € (0, 1]; tolerance tol; maximum iterations maxiter.
Output: Approximation (us)n, (W10N)n, (0x)n, and (g«), to the turbulent flux param-
eterization (19).
1: procedure REGULARIZEDITERATION(U, A8, Aq, (max, <, tol, maxiter)
2: Set n = 0.

3: Compute the initial estimate based on neutral conditions

(wion)n =U
(u*)n = CDN(U) . U
(0)n = CioN ... (A0) - A

(Q*)n - CEN : Aq

4: Compute limited stability parameter ¢, = C((ts)n, (Bu)ns (¢ )n; Cmax) according to

(7).
5: while R((ts)n, (U108 )ns (05)n, (¢« )n) > tol do

6: Increment n < n + 1.
7 Update 10-m neutral wind speed using regularized coefficients:
Cp((u1oN)n—1, ¢ -1
(10N )n = « Jn-16n-1) U+ (1—a)- (u1on)n-1-
VCpn (w108 )n—1)
8: Apply updated 10-m neutral wind speed to simultaneously update scaling pa-

rameters using regularized coefficients:

(i) \/CD((uloN)na §n71) U (Us)n—1
O)n | = | O Guon)-a0 |+ (=) | ()0
(@+)n Ce(Cn1) - Aq (q)n—1
9: Update stability parameter G, = C((ts)ns (05)n, (G )n-; Cmax)-
10: if n > maxiter then
11: ERROR(“Maximum iterations reached without achieving desired tolerance.”)
12: end if
13: end while

14: return (U )n, (0x)n, (@<)n-

15: end procedure
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Given the iterates (Us)n, (10N )n, (0x)n, and (g.)n, the convergence test is to check
whether R((%+)n, (U108 )n, (04 )n, (gx)n) < tol for a user-prescribed tolerance tol > 0. The
full algorithm for approximating the scaling parameters described by the turbulent flux
parameterization (19) is given in Algorithm 2. As is standard with such iterative methods,
the iteration is terminated and an error message returned to the user if the number of

iterations exceeds a specified maxiter without achieving the desired tolerance.

Finally, we briefly comment on the efficiency of the proposed Algorithm 2 compared
to the E3SM default Algorithm 1. One should not generally expect to obtain a high level
of accuracy in the scaling parameters (and hence, the surface fluxes as well) using the
default two iterations in Algorithm 1. On the one hand, practitioners of E3SM and other
global models might argue that the level of accuracy achieved with two iterations is on par
with the low level of accuracy obtained in other components of E3SM, for instance, first-
order time integration and coupling methods (Wan et al., 2021, 2015). On the other hand,
the recent exploration of higher order time integration techniques to resolve atmospheric
dynamics (Vogl et al., 2019; Gardner et al., 2018) in conjunction with improvements to
physics parameterizations and their coupling (Wan et al., 2024; Zhang et al., 2023) in Earth
system models means that the relatively large approximation errors obtained by Algorithm

1 may not be sufficient in future updates to E3SM.

As one might expect, Algorithm 2 is usually (depending on the value of tol) more
computationally expensive than the default E3SM algorithm. However, we note that Algo-
rithm 1 comprises a relatively small portion of total computation time in E3SM. Increasing
the number of iterations performed is not expected to substantially increase the total com-
putation time. Nevertheless, techniques for accelerating convergence of Algorithm 2 are
readily available. For example, Anderson acceleration (Anderson, 1965) updates the itera-
tion by computing a linear combination of m previous iterates and, in many cases, converges
faster than the standard fixed point and Gauss-Seidel iterations. Efficient implementations
are available to Fortran codes via software libraries such as SUNDIALS (Hindmarsh et al.,
2005). To demonstrate the potential benefits of Anderson acceleration, we compute the sur-
face fluxes in an offline setup for a set of data consisting of meteorological conditions from
the CTRL simulation every five days over the course of a full year using CondiDiag. Com-
putation of the surface fluxes is done using both (i) Anderson acceleration from SUNDIALS
with m = 1 which computes the update x,, 11 using the previous iterates x,, and x,,_1, and

(ii) the standard fixed point iteration (12) which has the same computational cost as the
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Figure 8: A demonstration of Anderson acceleration to improve convergence of scaling
parameters. (left) Behavior of the relative residual R((ws)n, (W10N)n, (0x)n, (¢x)n) for ap-
proximating surface fluxes from the parameterization (19) at a single location. (right) Av-
erage residual for meteorological conditions sampled across a year of data from the CTRL
simulation vs. wall clock time. Individual points correspond to fixed point and Anderson

acceleration iterations with maxiters = 2,5,10,100 and tol = 104,

default E3SM iteration in Algorithm 1 (Figure 8). We observe that Anderson acceleration
converges rapidly and also results in significant speed-up in wall clock time in comparison to
the standard fixed point iteration. For instance, Anderson acceleration attains an average
relative residual of 104 more than three times faster than the standard fixed point itera-
tion. Thus, even if the additional computational cost of Algorithm 2 is found to be more
than modest, techniques such as Anderson acceleration can substantially mitigate that cost

to capitalize on the substantial improvements in solution quality over Algorithm 1.

3.5 Uniqueness of the scaling parameters

With some confidence that a solution of (19) exists, we now investigate issues of unique-
ness of solutions of (19). We focus primarily on the role the stability parameter ¢ plays
in dictating the number of solutions of (19). No matter the value of U, Af, and Agq, the

stability functions 9, 5 4) are unbounded and satisfy the following property:

lim ()= lim ()= lim 9,(C) = Foo.

(—+o0 (—=+o0 (—+oo
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Figure 9: Progress of approximating the scaling parameters u,, 6., and ¢, and 10-m
wind speed ujgn in Algorithm 2 without stability limiter. Each dashed line represents
an application of Algorithm 2 with an initial guess drawn randomly from a uniform dis-
tribution. Depending on the initial guess, the iterations converge to two solutions, a
trivial one at (u.,u1on, 0%, q+) = (0,0,0,0) and a non-trivial solution (u.,uion,bx,qx) =

(0.0288,0.303, —0.000142, 0.0281).

Thus, the coefficients Cp, é}i)areg’ and Cg as defined in (6) and (18) satisfy

fim Cpn (uion) ~0
+oo C u10 z
ey el iy (2 — g Q)]
= (k
Lim Cline.a©) -0
¢—oo O (O ; o
1+ ——7=—In(75) — ¥n(Q)]
Cen

=0.

lim - Z
¢=too 1+ =2 [In({5) — 1g(C)]

This means that as { — 400, the scaling parameters converge to 0, i.e. (ux, 04, q+) — (0,0,0)

and uign — 0.

For the specific case when

U=01m/s, z=1343m, 0, =300.04K, 6,=301.78K, ¢, =16.87g/ke, (22)
we shall demonstrate that it is indeed possible for Algorithm 2 to converge to the triv-

ial solution (us«,u10n,0«,¢«) = (0,0,0,0). We apply Algorithm 2 100 times without the
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stability limiter (i.e. CN is replaced by ¢ in Algorithm 1), each with a randomized initial
condition, and plot the scaling parameters at each iteration of the algorithm (Figure 9). We
observe two distinct solutions for this example — one at (u,u1on,0x,¢«) = (0,0,0,0) cor-
responding to the case when ( — +oo and another non-zero solution at (u.,u1gn, 0x, <) =
(0.0288,0.303,0.0281, —0.000142). Such behavior means that the turbulent flux parameteri-
zation (19) will not generally have a unique solution. Perhaps more importantly, we see that
the turbulent flux parameterization has undesired solutions that Algorithm 2 will converge

to.

3.5.1 Stability limiter

We now turn our attention to the stability limiter ¢ and address its role in determining
uniqueness of the surface fluxes. Recall that E3SM utilizes the stability limiter in the
implementation of Algorithm 1 to prevent the magnitude of ¢ from growing too large. In

practice, the limiter prevents the scenario where ( — F+oco. To the best of our knowledge,

0.08
0.06 0.04 desired solution
0, = 0.0281
*0 (1 « 0.02
=0.04 desired solution >
u, = 0.0288 .
0.00 second solution 6, = 0.00959
0.02 .
second solution u, = 0.00393
—0.021
40 60 0 20 40 60
0.0000 second solution ¢, = 3.28 x 107° 0.6
—0.0001
; - _04 desired solution
. desired solution = ) _
< S uyy = 0.303
—0.0002 ¢ =—142x 107 3
0.2
—0.0003
| second solution oy = 0.00572
' 0.0 T
0 20 40 60 0 20 40 60
Iteration Iteration

Figure 10: Progress of approximating the scaling parameters u,, 6., and g. and 10-
m wind speed ujgn in Algorithm 2 with the limiter (7) applied with (e = 10. The
physically-relevant solution remains unchanged from the case with no stability limiter (see
Figure 9 while the original trivial solution at (u,uion,0x,qx) = (0,0,0,0) is shifted to
(s, utoN, 04, g) = (0.00393,0.00959, —3.28 x 1075,0.00572).
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no systematic analysis has been carried out to determine the effect of the limiter (7) on

convergence of Algorithm 1.

One might expect that since the limiter removes the possibility that ( — oo, the
trivial solution (., uion,0x,q+) = (0,0,0,0) should no longer exist and (8) should have a
unique solution when (7) is used. However, we demonstrate that the limiter does not actually
remove the second solution at (us, u1on, s, g*) = (0,0,0,0) but rather shifts it away from
zero. To see this, we consider the same example described by (22) but apply the limiter
(7) with (mar = 10 (Figure 10). We observe that the trivial solution at (., u1on, Ox, ¢x) =
(0,0,0,0) is shifted to (u.,u10n,0x, ) = (0.00393,0.00959, —3.28 x 1075,0.00572) and in
fact, the turbulent flux parameterization described by (19) still has two solutions even when

the stability limiter is applied.

More generally, the value of the limiting parameter (.x has a strong effect on the
number of solutions of (19). When a closed form solution of a given equation is known,
a systematic analysis of the effect of a model parameter on uniqueness of the solution is
straightforward. For instance, one can express the solution as a function of the parameter of
interest and generate a bifurcation diagram (Chow & Hale, 2012) which provides qualitative
information on the solution of (8) for each value of the parameter. Given a closed form
solution of (19) is not known, an approximate bifurcation diagram may still be generated by
performing several runs of Algorithm 2 for a range of different initial guesses and observing

how many distinct solutions the algorithm converges to for different values of (pax

We increase (max from 107! to 10* and consider four different meteorological conditions.

Four distinct scenarios are observed as illustrated in Figure 11:

1. There is exactly one solution which does not depend on (nax (Figure 11a).
2. There is exactly one solution which varies with (j,ax until a turning point after which

the solution is constant with (pax (Figure 11b). When the solution varies with (pax,

—25—



(@)

(b)

442

443

0.43 current E3SM limiter 0.0501 current E3SM limiter i ¢ .
'0 solution does not vary
0.42 0.048 current E3SM /'..I with (e when Cap 2 15
one solution that does solution ."
0.41 not depend on ar 0.046 solution ..o.
¥ dependent o
=
0.40 / conditions: 0.0441 on (0, When .o.. conditions:
current E3SM U=1154 m/s Cmazr S15 ..-° U=055m/s
solution z=13.06 m 0.042 z=1334m
0.39 0, = 294.39 K
6, = 295.95 K
0,38 qu =117 g/kg 0.040
107! 10° 10! 102 107! 10° 10! 102
(<) (d)
\ current E3SM limiter current E3SM limiter
0.06 0.03
“, !
one solution ‘s, *
0.04 depcendent % 0.02 kY two solutions when
¥ on ) s one: )
S mas e Coni't'ons' one relevant ¢, Cmaz 208 conditions:
‘ U=162m/s solution when % U=018mys
. . z=1252m 05<¢ <08% =90
0.02 Y 0, = 282.98 K 0.01{9-0 S Gnax S08°% z=1343m
current E3SM ;.' 0, = 280.35 K \ 0, =301.78 K
colution \ go = 6.8 g/kg current E3SM —» \ o i 120834 7k
0.00 0.00 solution o = 29-57 8/ <€
107! 10° 10 102 10 104 107! 10° 10! 102 108 10*

CNI(I! <7HII.I'

Figure 11: An overview of the possible behavior of the scaling parameters as the limiter
parameter (pax is varied. (a) There is exactly one solution which is independent of (yax-
(b) There is exact one solution which varies with (pnax whenever (pax < 15 and does not
vary with (max whenever (max 2 15. (¢) There is exactly one solution which always varies
With (max. (d) There is a bifurcation point at which the underlying equations transition
from having exactly one solution to having two solutions. When two solutions exist, one of
them varies with (i,ax While the other does not. When one solution exists, it may vary with

Cmax (€.8. for (max < 0.5) or may be constant with (pax (e.g. for 0.5 < Cnax S 0.8).

~

it is described implicitly by the manifold on which |¢| = (iax :

" (C ) _ \/CDN (UION(gmax : sgn(AQ))) U

*\Smax \/CDN(’quN (Cmax-sgn(A0))) _ .

1 + T (IH(Z/].O) 1pm(Cmax Sgn(Aa)))
1
UI0N (Cmax) = v
1+ \/CDN(ulON(’gmax'Sgn(Ag))) (111(2’/10) - wm(Cmax : Sgn(Ae)))
CHN(Cmax : SgH(AG)))

0. max) — A

(C ) 1+ CHN(Cman'sgn(Ag))) (111(2/10) — '(ph(Cmax . SgD(AH»)

B Cen
E (Cmax) N 1 + %TN(IH(Z/lo) - qph(gmax : Sgn(Ae))) Aq,
(23)

3. There is exactly one solution which depends on (pax (Figure 11c). This solution is

given implicitly by (23).
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4. For (nax within a certain range, there are exactly two solutions, one of which does
not vary with (nax and one of which varies with (pax (Figure 11d). The latter is
described by (23). For (max outside of this range, there is a unique solution which
may or may not vary with (yax. The value of (ax at which the number of possible

solutions transitions from one to two is known as a bifurcation point.

The first scenario is ideal in the sense that the limiter has no effect on the solution.
While a rigorous theory establishing precisely when this scenario occurs is beyond the math-
ematical techniques described in this paper, we suspect that this scenario may occur when
the meteorological conditions prevent the stability parameter ¢ from ever approaching the

large values which induce the second solution described in Section 3.5.

The second scenario illustrates that the limiter must be chosen carefully in order to
ensure that the obtained solution exhibits desirable behavior. Specifically, the obtained
solution should not vary with the value of (pax. When (pax 2 15, we observe that the

solution is constant with respect to (nax. It is this desired solution which a numerical

< 15, we observe the undesired

~

method should converge to. On the other hand, if (ax
behavior in which the solution varies with the value of (,.x. Notably, the current value of

Cmax = 10 in E3SM is clearly too small and would result in obtaining the undesired solution.

The third scenario in which the only solution depends on the value of (.x suggests
that there is no desired solution to the turbulent flux parameterization (19). It is impossible
to ascertain which value of (;,.x corresponds to a “correct” solution and may suggest that
the W. Large & Pond (1982) parameterization is not valid for the range of meteorological
conditions that produce this behavior. For instance, it is well known that in extremely stable
conditions as ( — oo, the assumption of constant surface fluxes with respect to altitude is
violated (Optis et al., 2016) and the Monin-Obukhov Similarity Theory that underpins the

derivation of the parameterization is no longer valid.

Finally, the fourth scenario, much like the second, illustrates the importance of correctly
selecting (nax to obtain the physically relevant solution. When (pnax 2 0.8, there are two
solutions to the turbulent flux parameterization (8), and Algorithm 2 may converge to either
solution depending on the initial guess. For the small interval 0.5 < (pnax < 0.8, only the
desired solution that does not vary with (ax is obtained, and this finding suggests that

the value of (nax should fall in this interval to guarantee convergence of Algorithm 2 to the

desired solution.
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3.5.2 Adaptive selection of limiting parameters

The preceding discussion in Section 3.5.1 suggests that there is no single value of (yax
that will ensure the existence of only one solution to the turbulent flux parameterization for
all meteorological conditions. For instance, for the meteorological conditions described in
Figure 11d, a value of (;,ax = 0.6 is appropriate but would result in obtaining an undesired

solution if the same value is used for the meteorological conditions described in Figure 11b.

Instead, we propose utilizing an adaptive stability limiter in which the value of (ihax is
permitted to vary based on the meteorological conditions. The key idea is to begin with an
initial maximum value of (.« and apply Algorithm 2 to obtain a first approximation of the
scaling parameters u,, 0., and g,. If the value of the stability parameter associated with

scaling parameters, 6 (s, Ox, @i Cmax ), 18 equal to (max, we decrease the value of (¢ and

Adaptive adjustment of stability limiter

continue until if initial solution has
0.04+ solution is |¢] = Gnaz, adjust limiter,
found which otherwise keep initial
”M.‘“\ ' has €] # Gnas 1 solution !
i | |
0.031 - ' !
s002] s i s
0.01 1 i final i adjusted i initial
. 1 limiter ! limiter ! limiter
solution on / !
the manifold i E i
0.001 <l =G | i :
10! 10° 101 10°

Cﬂl(l(l,‘

Figure 12: An example of the adaptive stability limiting process. For the initial limiter, two
solutions exist — the desired solution which is constant in (;,.x (orange curve) and the second,
undesired solution that lines on the manifold described by || = (max (blue curve). If the
desired solution is obtained by Algorithm 3, there is no need to adjust the limiting parameter
Cmax- Otherwise, we incrementally decrease (.« until a solution satisfying |C~ | # Cmax 18
reached. In this example, the process is guaranteed to terminate once (pax falls in the
approximate interval (0.5,0.8). In general, if the process terminates without finding the
desired solution, e.g. because it does not exist (see Figure 1lc), then we default to the
solution obtained from the default E3SM limiting parameter value of (.x = 10. A more

detailed discussion may be found in Section 3.5.2.
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apply Algorithm 2 until scaling parameters are obtained for which ¢ (Ui, Oxy G55 Cmax) 7 Cmax-
A visualization of this procedure is provided in Figure 12. The complete turbulent flux

algorithm with adaptive stability limiter is presented in Algorithm 3.

Algorithm 3 Modified atmosphere-ocean iteration for uniqueness.

Input: Bulk variables U, Af, and Ag; damping parameter o € (0, 1]; limiter increment
Ciner > 05 tolerance tol; maximum iterations maxiter.
Output: Approximation (us)n, (W10N8)n, (0x)n, and (g«), to the turbulent flux param-
eterization (19).
1: procedure REGULARIZEDUNIQUEITERATION(U, Af, Aq, (max, @, tol, maxiter)
2: Set Cn = Cmax-

3. while (, = Gnax and Cmax > 0 do

4: Increment (max < max{(max — Ciner, 0}

5: Call [(¢s)ns (04)n, (¢x)n] = REGULARIZEDITERATION(U, A0, Aq, (max, @, tol,
maxiter).

6: Compute limited stability parameter ¢, = C((ts)n, (Bx)ns (G )n; Cmax) according
to (7).

7 end while

8:

9: if (max = 0 then

10: Set Cmax = 10.

11: Call [(¢s)ny (04)n, (¢«)n] = REGULARIZEDITERATION(U, A8, Aq, (max, @, tol,
maxiter).

12: end if

13: return (.)n, (04)n, (Gx)n-

14: end procedure

When there is no desired solution, e.g. the example in Figure 11c, we elect to leave the
limiting parameter at its default value of (. = 10. As previously mentioned, this scenario
suggests that the underlying assumptions for which the turbulent flux parameterization (8)
has been developed have been violated. Addressing this issue is beyond the mathematical

analysis presented in this work and we only note its existence here.
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Figure 13: A corner plot similar to Fig. 5 but comparing atmospheric conditions that yield

] = Cmax and those that yield |¢] # Cmax-

3.5.3 Occurrence of undesired solutions in E3SM

The preceding discussion highlights the issues associated with the stability limiter (7).
In particular, current implementations of ocean-atmosphere turbulent flux algorithms may
potentially converge to undesired solutions on the manifold |{| = (max. To better under-
stand the physical conditions producing || = (max, We again consider ten years of data
from the CTRL simulation. We apply the default Algorithm 1 and categorize each spatial
location based on the value of { after 100 iterations. Figure 13 shows the distribution of
meteorological conditions when [(| = (max and when || # (nax. The clearest distinction
between the two cases is that locations for which || = (max have relatively small wind
speeds of less than 2 m/s. Such conditions are most frequent around the Equator, especially

across the Indian Ocean, as shown in Figure 14.

4 Climatological impact on E3SM simulations

We perform a pair of 10-year simulations — CTRL and SENS described in Section 2.1 —
to investigate the sensitivity of E3SM to the proposed changes in Algorithm 3. For SENS,

a tolerance of tol = 10~ is used for the stopping criterion with a maximum permissible
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Figure 14: Percentage of days for which |¢| = (max(= 10) in ten years of daily instantaneous
output from the CTRL simulation. The condition |§ | = Cmax indicates that the surface fluxes
lie on the manifold of solutions to (19) which vary with (pnax. Different panels correspond

to different seasons. Gray shading indicates land, and white areas are sea ice.

number of iterations maxiter = 2 x 10%; the value of maxiter is arbitrarily chosen to be
significantly larger than expected to reach the specified tolerance. A C° regularization is
used to enforce continuity of the exchange coefficient Cyy with €. = 0.5. A damping
value of @ = 0.08 is employed in the iteration. Lastly, an initial stability limiting parameter
of (max = 20 is used with an increment of (inor = 0.25 in the adaptive limiting process.
To determine which differences are statistically significant, a one-sample Student’s t-test
is performed using monthly mean output data. Since the data are serially correlated, we
utilize a revised t-test in which the ¢ statistic is scaled by an effective sample size (Zwiers
& von Storch, 1995). A significance level of 0.05 is utilized to determine when the mean of

the differences is likely to be non-zero.

The largest effect on latent and sensible heat fluxes occurs in boreal winter (DJF) (right
panels of Figure 15). Statistically significant differences in both fluxes cover most of the
globe. The largest differences, however, are in the Northern Hemisphere with large increases

centered over the North Atlantic. The new algorithm also produces large decreases in latent
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Figure 15: The 10-year mean latent heat flux (top row) and sensible heat flux (bottom
row) for the months DJF, as well as the difference between the control and test simulations

(right column) in which statistically insignificant differences are masked out in white.

heat flux of similar magnitude over the subtropical deserts of North Africa and the Middle
East. These results show that ensuring that the atmosphere-ocean turbulent flux parame-

terizations are well-posed has a significant impact on Earth system model simulations.

5 Conclusions

We have analyzed the default ocean-atmosphere turbulent flux parameterization in
E3SMv2 to determine under which conditions the underlying equations have a unique solu-
tion. Our analysis has shown that there are certain physical conditions, mostly encountered
in the mid-latitude oceans under stable conditions, for which there is no solution to the
underlying equations, and any algorithm attempting to compute surface fluxes from this
parameterization will fail to converge. This non-convergence manifests as oscillations of the
surface flux iterates and results in a rather large residual error (> 50% on average). More-
over, we have shown that the W. Large & Pond (1982) turbulent flux parameterization does

not always yield unique surface fluxes and the use of ad hoc limiters on the Obukhov length
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has a strong influence on the number of solutions. Meteorological conditions that produce

non-unique solutions are found mostly in regions with low wind speed near the Equator.

We have introduced two modifications to the W. Large & Pond (1982) algorithm in order
to enforce both existence and uniqueness of the computed surface fluxes. These modifications
include (i) regularization of discontinuous exchange coefficients which resolves issues with
oscillating surface fluxes corresponding to large residual errors, and (ii) adaptive selection
of limiter parameters to eliminate multiple solutions. Our analysis also demonstrates the
need to exercise caution when applying turbulent flux algorithms globally under conditions
for which the underlying assumptions of the algorithm are violated. For instance, in the
extreme stability limit as ( — +o00, the assumptions of Monin-Obukhov Similarity Theory
are violated, suggesting that the W. Large & Pond (1982) formulation should not be utilized

under these conditions.

Sensitivity of E3SMv2’s mean climate to these issues of well-posedness was investigated
by comparing a 10-year simulations using the default iteration in Algorithm 1 and the regu-
larized iteration in Algorithm 3. The regularized iteration results in statistically significant
differences in the model latent and sensible heat fluxes compared to those of the default

iteration.

Results in this work utilize a fully converged nonlinear iteration. This is important for
ensuring the algorithm attains a specified level of accuracy. While the cost of additional
iterations beyond the default of two in the E3SMv2 code is small, we have also demonstrated
that techniques such as Anderson acceleration can significantly reduce the added cost of fully

converging the iteration.

The analysis in this study provides a framework for future investigation of other ocean-
atmosphere flux algorithm options in E3SM such as the COARE (Fairall et al., 2003) and
the University of Arizona (UA, Zeng et al., 1998) algorithms. The limiter (7) is also applied
in the UA algorithm as implemented in E3SMv2. Furthermore, COARE utilizes limiters
for wind gustiness whose effect on uniqueness of the computed surface fluxes has not yet
been studied. Additionally, turbulent flux algorithms over sea ice and land share many
similarities with the ocean-atmosphere algorithms since they too are based on MOST. They
may also include discontinuous exchange coefficients in certain scenarios as well as ad hoc
use of stability limiters as seen here in the ocean-atmosphere algorithm and will be the

subject of future research.
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Open Research Section

Model run data corresponding to the CTRL simulation and Python scripts used to
generate bifurcation diagrams may be found in Dong et al. (2024a). Model run data corre-
sponding to the SENS simulation may be found in Dong et al. (2024b). A fork of E3SMv2
containing the proposed changes to E3SM’s ocean-atmosphere turbulent flux algorithm in

Algorithm 3 may be found at Dong (2024).
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