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Abstract

We consider the neural network approximation of systems of partial differential
equations exhibiting multiscale features such as the Reissner-Mindlin plate model which
poses significant challenges due to the presence of boundary layers and numerical phe-
nomena such as locking. This work builds on the basic Galerkin Neural Network
approach established in [1] for symmetric, positive-definite problems. The key contri-
butions of this work are (1) the analysis and comparison of several new least squares-
type variational formulations for the Reissner-Mindlin plate, and (2) their numerical
approximation using the Galerkin Neural Network approach. Numerical examples are
presented which demonstrate the ability of the approach to resolve multiscale phenom-
ena such for the Reissner-Mindlin plate model for which we develop a new family of
benchmark solutions which exhibit boundary layers.

1 Introduction

Neural networks offer an interesting alternative to traditional numerical methods for partial
differential equations (PDEs) such as finite elements, finite differences, and finite volumes,
and have been used to approximate various linear and nonlinear elliptic, parabolic, and
hyperbolic PDEs [9,23,29,30,33,39]. Generally, such approaches seek to approximate the
true solution by the realization of a neural network which is trained by minimizing the ¢2-
norm of the strong residual of the PDE. The fact that the PDE will not have strong solutions
in general has prompted the development of neural network frameworks based on variational
principles [25,26,38,40]. In [1], we proposed an adaptive neural network framework (Galerkin
Neural Networks) for approximating symmetric, positive-definite variational equations which
also incorporated error control and showed it to be capable of achieving a high level of
accuracy on a range of standard test problems.

Of course, all of this begs the question of what advantages (if any) are offered by neural
networks over traditional numerical methods? Traditional methods have the benefit of being
refined over many decades and are often capable of delivering high-fidelity approximations
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efficiently while the potential benefits of a neural network-based approach for such prob-
lems are unclear. It is nevertheless the case that there remain many classes of problem that
pose difficulties for traditional numerical methods. Examples include parameter-dependent
problems that arise in linear elasticity and plate theory which exhibit locking [17]. Lock-
ing means that the numerical approximation deteriorates for small parameter values even
though the solution itself may not be sensitive to this parameter. Additionally, in some
models such as the Reissner-Mindlin plate model, a characteristic feature of solutions is the
presence of boundary layers. In conjunction with the possibility of locking, the robust and
accurate approximation of such problems still poses a serious challenge, which has led to the
development of a whole gamut of sophisticated techniques in an attempt to obtain schemes
capable of delivering robust and high-resolution approximations [3,6,10,13,16,20,22,34,35].

In this work, we consider the question of whether a neural network approach is capable
of approximating Reissner-Mindlin plates uniformly in the plate thickness while also resolv-
ing multiscale features such as boundary layers. The universal approximation property of
neural networks should, in theory, mean that neural networks have the capability to resolve
multiscale features. While results exist quantifying how the accuracy of a neural network
approximation varies with respect to the width and depth of the network [?,7,18,27, 28, 32]
the capability of neural networks to uniformly approximate parameter-dependent functions
exhibiting boundary layers remains open. The relationship between ReLU networks and
piecewise linear approximations means that one can expect univariate ReL U networks to be
capable of delivering uniformly accurate approximations of functions exhibiting boundary
layers. The results in Figure 1 confirm this expectation. While such a result shows that
neural networks are capable of delivering uniformly accurate approximations for direct ap-
proximation of functions exhibiting boundary layers in the univariate case, it remains to be
seen whether similar results can be achieved in higher dimensions and when the function is

Error vs. number of neurons, ReLU interpolation ReLU network approximation, ¢ = 1072
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Figure 1: Left: Numerical approximation rate of the function u(z) = (1 — e/t — =2/t ¢
e Y1) /(1 + e~/ for various t using a ReLU network with one hidden layer. Right: The
function u(z) alongside the ReLLU approximation. The hidden weights are set to 1, the biases
are graded to account for the boundary layers, and the activation coefficients are chosen so
that the network interpolates the function u at the points where the ReLLU basis functions
activate.
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Algorithm 1: Galerkin Neural Network Framework.

Input: Data L, bilinear operator a, network widths {n;}, initial approximation
ug € X, tolerance tol > 0, optimization subroutine AUGMENTBASIS (any
optimization procedure for approximating (7).

Output: Numerical approximation uy to the variational problem: u € X such that

a(u,v) = (f,v) for all v € X; basis functions {@NV}¥

A 1=0"
Set i = 1 and @)Y = wy.
OV < AUGMENTBASTS(ug).

while (r(u;—1), o}"™) /l[[e™||| > tol do
4 | Form S; :=span{ug, o2V, ..., oV} and seek u; € S; : a(u;,v) = L(v) for all

N =

w

v E Sl
5 | oMY < AUGMENTBASIS(u;).
6 Set 7 <1+ 1.
7 end

NN\N

Return uy and {¢; };5,.

o]

implicitly defined to be the solution of a singularly perturbed system of elliptic PDEs.

Accordingly, we investigate the neural network approximation of Reissner-Mindlin plates.
As alluded to earlier, the nonlinear nature of neural networks should mean that they are nat-
urally adaptive to multiscale features without the need for specialized grids or elements. In
addition, it is easy to increase the smoothness of the neural network approximation by choos-
ing appropriate activation functions, which gives the flexibility to consider natural variational
formulations posed on smoother Sobolev spaces than might otherwise be practical were stan-
dard finite elements to be used. We introduce and analyze several new, least squares-type,
variational formulations for the Reissner-Mindlin plate and use them in conjunction with the
Galerkin Neural Network approach developed in [1]. The relative performance of the various
formulations and, in particular, whether they exhibit locking, together with their ability to
resolve multiscale features is illustrated for a class of new benchmark (closed form) solutions
of the Reissner-Mindlin problem which exhibits boundary layers.

The rest of this work is structured as follows. In Section 2, we review the Galerkin
Neural Network framework and its underlying theory which will be used to approximate
the model problem. In Section 3, we introduce a new realistic benchmark problem which
exhibits multiscale features and also consider the capacity of neural networks to approximate
such features. In Section 4, we apply the Galerkin Neural Network method to several new
variational formulations for the Reissner-Mindlin plate and demonstrate the robustness of
our approach with respect to the plate thickness. Conclusions follow in Section 5.
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2 Galerkin Neural Network Framework

In this section, we briefly summarize the main features of the Galerkin Neural Network
approach developed in [1] that we will later use. Let

VIi={v:v(x)= Zcia(x Wi +b), bi,c; € R, W, € R 2 € Q} (1)

n
=1

be the set of all functions which are the realizations of a feedforward neural network consisting
of a single hidden layer of n neurons and nonlinear, continuous activation function o : R — R.
Here, W and b are the weights and biases, respectively, of the hidden layer, and ¢ are the
activation coefficients of the network. Additionally, we let V7 be the subset consisting of
realizations with bounded parameters:

Vie={veVy  [[Wb,ll <C}, (2)

where |[(W, b, ¢)|| :== max;; |W;;| + max; |b;| + max; |¢;|.

A key property of neural networks is that they are universal approximators [21] in the
sense that, for any given function f € H*(Q2) and 7 > 0, there exist a network of width n
and a function f € V7 such that ||f — f] ms(@) < 7. The universal approximation property
suggests that neural networks might be used to approximate the solutions of PDEs. To this
end, consider the following variational problem:

uwe X : a(u,v)=Lw) YvelX, (3)

where X C H*(Q2), L(-) is a bounded linear operator on H*(2), and a(-,-) is a symmetric,
positive-definite bilinear operator on H*(2) which is continuous and coercive with respect
to H*(Q), i.e. there exist constants M, > 0 such that |a(u,v)| < M||u||gs@)||v||as) and
a||v||§{s(m < a(v,v) for all u,v € X. The bilinear form a(-,-) induces a norm denoted by
- [lla == V/al-).

In previous work [1], we used neural networks to iteratively construct a sequence of basis
functions {¢N € V9 i € N} that were used to define a Galerkin scheme for (3) based on

i ng

an initial approximation ug € X and the functions NV as follows:

u; € S; == spanfug, oMV, ..., oM} 1 aug,v) = L(v) Yo € S;. (4)

Céa’s Lemma [12] provides the following error estimate for w;:

M
e = willla </ —llw = vllla Vo €5, (5)

which means that the approximation u; is, up to a constant, the best possible approximation
from the subspace S;.

The basis functions ¥V are constructed iteratively as follows. Given u; 1, i > 1, the
weak residual 7(u;_1) : X — R is defined by

(r(ui—1),v) = L(v) — a(uj_1,v), v€E X, (6)

4
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Figure 2: A visualization of the Galerkin Neural Network framework using three shallow
networks consisting of two, four, and six neurons each.

where (r(u;—1),v) denotes the duality pairing on X. Using the weak residual as the loss
function, the ith basis function @ is constructed by training a neural network to find the
maximizer as follows:
NN o NN
i |4 : i— i = i—1/)y Y/ 7
AN € Vi ) ™) = o)) @
where B is the closed unit ball in X. Any standard training procedure may be used to solve

(7); we use the approach given in Algorithm 2 of [1].
The residual may be rewritten using (3) as

(r(ui—1),v) = a(u,v) — a(uwi—1,v) = alu — u;—q1,v), veX

which, thanks to the Cauchy-Schwarz inequality, is maximized when v o< u — u;_;. This
means that the basis function NV € V7 o, N B is an approximation to the normalized error
(u—u;_1)/||lu—u;_1|||. Consequently, we may view {pN"} as a sequence of increasingly fine
scale corrections to the initial approximation wug. A pictorial representation of the Galerkin
Neural Network scheme is provided in Figure 2.

The basic properties of the Galerkin Neural Network scheme are summarized in the

following theorem [1].

Theorem 2.1. Fori > 1, let ; € (0,1) and u; be defined as in (4). Then there exist network
widths n; = n(1;,u;—1) and bounds C; = C(71;,u;_1) depending on 7; and w;_y such that

1w = willla < Mlw = wollla - T, 27;/(1 = 7) (8)
Moreover, if 0 < 1, < 1/3 then
1_7—i 1_Ti
i < — Ui—1|||a S i 9
2 <l il € T )

where n; = (r(u;i_y), pNV).
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Figure 3: Domain for the test problem in Section 3.

The estimate (9) shows that the (fully computable) quantity 7; provides an a posteriori
error estimator [2,37] for the true error |||u—wu;_1|||, which can be used as a stopping criterion
(as in Algorithm 1).

3 Boundary Layer Resolution using Neural Networks

Physical problems involving small (or large) parameters often exhibit localized features on a
length scale defined by the parameter. One such example is the Reissner-Mindlin plate model
which describes the bending of a thin plate while taking into account shear deformation. Let
3 be the rotation of the fibers normal to the midplane of the plate and let w be the transverse
displacement of the midplane itself. The Reissner-Mindlin model takes the form of a system
of elliptic PDEs:

~AB+t3B-Vw)=0 inQ
t~2div (8 — Vw) = g, in (10)
B=0 w=0 on 0f).

Here, Q C R? is the midplane of the plate, ¢ > 0 is the plate thickness, g is the applied
transverse load, and, for ease of exposition, we use a simplified stress-displacement law which
nevertheless retains the essential character of the Reissner-Mindlin model. The boundary
conditions correspond to a hard, simple support [5], which means that, in the limit where
the plate thickness ¢ tends to 0, the Reissner-Mindlin model gives rise to boundary layers
which manifest most strongly in the shear stress [7] defined by

o:=t2B - Vw). (11)




137

138

True Shear Stress o'V, i=1 True Shear Stress o'?, i=1

Figure 4: Left: True z-component of shear stress with n = 1 and ¢t = 1072, Right: True
y-component of the shear stress with n =1 and ¢t = 1072

3.1 Benchmark Solution of Reissner-Mindlin Plate Exhibiting Bound-
ary Layers

In order to illustrate the above points more concretely, we derive a class of closed form
solutions of the Reissner-Mindlin plate model which will later be used to benchmark the
performance of numerical schemes. Consider an infinite strip along the z-axis subject to a
univariate 27-periodic transverse load g. Due to periodicity, it suffices to consider a single
period Q = (—m,m) x (—1,1) as shown in Figure 3. We partition the boundary of Q into
disjoint sets I'p = (=7, m) x {—=1}U{1} and gy, = {—7}U {7} x (—1,1) with homogeneous
Dirichlet boundary conditions applied on I'p and periodic boundary conditions applied on
I'per- The periodic transverse load g(z) is written as a Fourier series given by

1 > ©
g(r) = 590 + Z gn cos(nzx) + Z Gn sin(nz).

For n € Ny, let (8,,w,) be given by
(@ (y,t) + - Wy, t) — n- Tu(y,t)) sin(n)
Bn(m,9) = [ (1 Buy,t) + U (3, £) — T (3 1)) cos(na)
wn(z,y) = [(1+ )W, (y, 1) — To(y, t)] cos(nz), (12)

10 where ®,,, ¥, and T, are given by

—y%/2 + Dyt _
Dy, t) = An(t)tsinh(hay) (h.1) = y~/2+ Do(1), ) n=0 .
T TR T T s gy )
cosh(n)
—y?/2 — y* /24 + Bo(1)i/, I
Tu(y,t) = § B,(t)y - sinh(ny) . Cu(t) - cosh(ny)
sinhn N (n -n ) + coshn , > Oa




w  with A, (t), B,(t), Cu(t), and D,(t) coefficients depending on n and ¢, and A, :

= (n® +

w 1/t2)Y2. The values of A,(t), B,(t), C,(t), and D,(t) are determined by the boundary

12 conditions and have series expansions valid for small ¢ given by

An(t) = (% — 4§n) 2+ O(t?)

B,(t) = 5ntanh<n) [—% F2(—1+26,)1% + O(t3)]

(14)

Co(t) = % {”C(’th(”)n; 20751 (9(coth(n) — 202 + 1) — 26, tanh(n)) £ + O(F)
Da(t) = &, [tarf;(”) 41— 26,82+ (’)(t?’)] ,

s where &, = sinh(2n)/(2n + sinh(2n)). Full details leading to (14) will be found in the

1us  Appendix.
145 Straightforward manipulation reveals that the functions defined in (12) satisfy

~AB, +t (B, —Vw,) =0 inQ
t2div (B, — Vw,) = cos(nz), inQ
IBTL:()?('UTL:O OHFD

B, w, periodic on I'per.

(15)

In turn, thanks to linearity and the translation identity sin(nx) = cos(nz —m/2), the solution

to (10) is given by

1 i < -
Blr.y) = 39080(x.y) + Y 9Bu(w.v) + D Guule — 5-.0)
n=1 n=1
True Shear Stress g'?, i=1 Approximate Shear Stress o, i=8

Figure 5: Left: True z-component of shear stress with n = 1 and ¢ = 1072, Right: Neural

network approximation of x-component of shear stress with n = 1 and ¢t = 1072
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This solution was given in [3] in the particular case when n = 1; here, we generalize to any
n € Ng. The shear stress o, = t7%(3,, — Vw,) associated with the nth Fourier mode is given

by

[_t—2q);1(y’ t) +n- an(% t)] sin(nx)} : (16)

) = ) oo
which, for ¢ < 1, exhibits a boundary layer on the upper and lower edges of the plate:

An(t) {—An cosh(M\ny) sin(nx)] |

on(z,y) ~ 2sinh \, | nsinh(\,y) cos(nz)

or, thanks to (14):

1 2sinh(2n) 5 2 — A cosh(A,y) sin(nx)
on(z,y) ~ (5 = 2t smbizn) O >> WG] [ nsinh(Any) cos(nz) ] '

Figure 4 shows the shear stress in the case n = 1 and ¢t = 1072, The factors cosh(\,y) and
sinh(\,y) each give rise to boundary layers in both components of the shear stress, which is
more pronounced in the z-component of o,, due to the presence of the factor A, > n when
t < 1.

3.2 Function Fitting of Reissner-Mindlin Shear Stress

We are interested in the approximability of the boundary layer in the shear stress o using
neural networks. In order to isolate the issue of approximability, we utilize Algorithm 1
in order to “learn” the x-component of the shear stress, o), with n = 1. The bilinear
operator is given by a(u,v) = (u,v)q + (Vu, Vu)g + e (u,v)sq and the data is given by
L(v) = (eW,v)q + (Vo) Vv)q. The training data consists of 128 x 128 Gauss-Legendre
quadrature points. The width of the network for each basis function is n; = 20 - 201 while
the activation function for each basis function is 0;(z) = tanh((1+0.25¢)z). The hyperplanes
of the network for each basis function are initialized so that they are parallel to the z-axis,
the y-axis, y = x, or y = —x (see [1], §3.2.2).

Figure 5 shows the neural network approximation to the shear stress, from which it
is apparent that the sequence of networks is capable of approximating the boundary layer.
These results demonstrate that the Galerkin Neural Network procedure is capable of resolving
boundary layers without issue when applied to a simple function fitting of the shear stress
o,

4 Variational Formulations of the Reissner-Mindlin Model

Encouraged by the results of Section 3 showing the capability of neural networks to approxi-
mate the shear stress, we now turn to the question of which choice of variational formulation

9
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Figure 6: True solution w (left), 3 (middle), and o (right) with ¢ = 107¢ and n = 0.

for the Reissner-Mindlin plate model to use in conjunction with neural networks. Ideally,
we seek a variational formulation for which the associated bilinear form is continuous and
coercive with constants M and « (see [12]) that are independent of ¢ which, thanks to Céa’s
Lemma, means that by establishing control of the ratio M/a, we have a quasi-optimal so-
lution. To this end, we present and analyze several variational formulations and provide
numerical results demonstrating their efficacy or lack thereof.

In all numerical examples that follow, unless otherwise stated, the neural network ar-
chitecture for the ith Galerkin Neural Network basis function consists of a single hid-
den layer of width n; = 20 - 27!, The activation function for the ith basis function is
0i(z) = tanh((1 4 0.25¢)z). The weights and biases are initialized so that the hyperplanes
x - W; + b; of the hidden layer are either parallel to the z-axis, y-axis, y = z, or y = —x as
described in [1]. The training data consists of 128 x 128 Gauss-Legendre quadrature nodes,
while the validation data used to compute the loss function and true errors where such a
computation is possible consists of 150 x 150 Gauss-Legendre quadrature nodes.

4.1 Natural Variational Formulation

The natural variational formulation of (10) is to seek (B,w) € X := H§(Q) x HJ (), where
X is equipped with the norm [[(8,w)l[x := (|87 g + [|wl|[371(q))"/? such that

Bo((B,w); (¢, v)) == (VB, Vo +t (B — Vw, o — Vu)o = (g,v) =: Lo(ep,v)  (17)

for all (¢, v) € X. The operator B, is symmetric and positive-definite as well as continuous
and coercive according to the following result:

Proposition 4.1. Let (B,w) € X and 0 <t < 1. There exist constants C; > 0 and Cy > 0
such that

%0((167(")); (¢>U)) < Clt_2||(167w)||X ' ||(907v)||X V(,@,w), (QO,U) € X
Coll(B,w)l % < Bo((B,w); (B,w)) Y(B,w) € X.

Proof. First, we apply the Cauchy-Schwarz inequality with respect to L? to obtain

Bo((B,w); (¢,v)) < |IVBlallVella + 7218 — Vwllalle — Vulla

10
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Figure 7: Relative error after each iteration of Algorithm 1 for the case when n = 0 with
variational formulation on B, £.

< IVBlelIVella + t2(118llmw) + [wllm @) (el a@) + vl m@)-

Applying the Cauchy-Schwarz inequality with respect to ¢ as well as Young’s inequality
yields
Bo((B,w); (w,v)) < [IIBNH1 0 + 262118 0 + 2{2“‘«0”?{1(9)]1/2
: [||(PH§{1(Q) + 27572”‘:0”%11(9) + 2t*2||“||?{1(9)]1/2

< Clt_2(||:3||12ql(9) + ||w||%ﬂ(§2))1/2(||¢||§{1(9) + ||v||§11(m)1/2
where ] = 3. Similarly, applying Poincare’s inequality to 3 and w and the triangle inequal-
ity yields
CollVBI1E + Gl [Vwlld < Co(IVBIIG + 118 — V| [3)
Co([IVBIIG + 7|8 — Vwl[g).

||ﬁ||§{1(9) + ||W||12HI(Q)

NN

O

Proposition 4.1 means that Algorithm 1 is applicable to (17). However, we note that the
ratio M /o is unbounded as ¢t — 0, which suggests that the approximation to the variational
problem may not be quasi-optimal. In order to illiustrate this, we begin by considering the
simplest case of (15) in which the load g(z,y) = 1. This problem corresponds to (15) with
n = 0. In this case, the true solution is univariate and does not vary in the xz-coordinate, nor
is it sensitive to the value of t. However, even though the solution is univariate in y, we do

11
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not explicitly enforce this in the neural network structure. Figure 6 shows the y-components
of the true solutions w and 3, and o when ¢ = 1075,

Figure 7 shows a convergence plot of the error in the energy norm (8B,-norm) after each
iteration of Algorithm 1 as well as the L? error in the stress o = t72(3 — Vw) and rotation
and displacement 3 and w for ¢t = 1,1072,107%,107%. We denote by NV the basis functions
for approximating 3 and by vNY the basis functions for approximating w. Figure 8 shows
the approximate shear stress obtained by Algorithm 1 by computing t~2(¢; — Vw;) after the
2nd, 4th, 6th, and 8th iterations with ¢ = 107%. The hyperparameters are as given at the
beginning of Section 4.

Since the Galerkin Neural Network framework is not a direct Galerkin method, a natural
question to ask is whether it exhibits locking. As the results show, it is immediately evident
that as t decreases, the convergence rate of both the energy error and the L? errors are
greatly reduced. Even worse, while the true shear stress is a simple linear function, the
neural network approximation exhibits large spurious oscillations which dampen slowly as
more iterations of Algorithm 1 are taken. This stalled convergence as t is decreased is
reminiscent of the locking phenomenon observed in finite element approximation [8,36] and
suggests that the natural variational formulation (17), like with the finite element method,
is not suitable for the Galerkin Neural Network framework.

4.2 Mixed Least Squares Variational Formulation

One common approach to help reduce, or even eliminate, the effects of locking consists of
introducing the shear stress o as a primal variable [4]. That is, the system

—-AB+0c=0 in Q

dive =g in €2

t’c — (B—Vw)=0 inQ (18)
B=0 w=0 on 0f2

is considered in lieu of (10). One disadvantage of this approach is that the resulting mixed

Approximate Shear Stress, u’fz', i=2 Approximate Shear Stress, u’fz', i=4 Approximate Shear Stress, o,m, i=6

Figure 8: Approximate x-component of the shear stress for the 2nd, 4th, and 6th itera-
tions of the Galerkin Neural Network algorithm for the univariate problem with variational
formulation on B, L.

12
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Figure 9: Relative errors after each iteration of Algorithm 1 for the univariate problem
with variational formulation on Bg, £15.

variational formulation corresponds to the bilinear form
(Vﬂv VQD)Q + (07 Y- VU)Q + (16 - VC&), T)Q - t2(0-7 T)Q

which, although symmetric, is not positive definite (e.g. take 8 = ¢ = 0, w = v = 0, and
o = 1 # 0), so Algorithm 1 is not applicable. Instead, we shall consider an alternative
mixed formulation based on least squares variational principles. Setting X := H3(A; Q) x
Hi () x H(div; Q) where H§(A; Q) := {v € H§(Q) : Av € L?(Q)} with norm

18, w,0)l1s == (1Bl[7n 0y + [IFABIIG + [|w] |70y + [ltallq + |V - o |[3)12,
we define the bilinear operator 8.5 : X5 X X5 — R given by

Brs((B,w,0); (p,v,T)) =t (-=AB+ o, —Ap + T)q + (div o, div T)q
+ (o — (B — Vw), 1 — (¢ — V))q (19)

and the linear operator £;¢ : Xy ¢ — R given by
Lrs(p,v, 1) := (g,div T)q. (20)

The bilinear operator 85 is both continuous and coercive, allowing us to apply Algorithm
1. However, we note that the coercivity estimate is again degenerate in ¢, which suggests we
might expect deterioration of the numerical approximation as the plate thickness is reduced.

Proposition 4.2. Let (B,w,0) € X5 and 0 < t < 1. There exist constants C; > 0 and
Cs > 0 independent of t such that

Brs((B,w,0); (p,v,7)) < Cil[(B,w, 0)|Ls - |[(¢, v, T)llLs ¥V(B,w, o), (¢,v,7T) € Xps
02752”(/37%0')“%5 < %LS((B>W7U); (/670‘)70-)) ‘v’(ﬁ,w,a) € XLS-
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True Error, 0@ — 2, i=1 True Error, ' — o?, i=3 True Error, 0@ — of? |, i=5
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X 2 -1.0 x 2 -1.0 x 2 -1.0

3 3
Basis Function, T:“'NN, i=1 Basis Function, r,m"w, i=3 Basis Function, sz"'w, i=5

X 2 -1.0 x 2 5 -0 x 2 3 -0

Figure 10: For t = 107° the y-component of the true error & — o; (top row) and the
y-component of the basis function 7V (bottom row) for the 1st, 3rd, and 5th iterations of
Algorithm 1 for the univariate problem with variational formulation on B g, £/5.

Proof. For the first inequality, we apply the Cauchy-Schwarz inequality with respect to L2
to obtain

Brs((B,w,0); (p,0,7)) < [H(-AB+ )|l [[H(-Ap + T)|[a + |V - olla- ||V T|lo
+[[t?e — (B = Vw)llo - [[*T — (¢ — Vv)]|a
< ([tABlla + ltalla) - ([[tAPlla + [[tTlla) + [V - alla - IV - T[lo
+ (ltalle + 118 r1@) + |w|la (@)
(trlle + llellu @ + llollm@)-

2+ An application of the Cauchy-Schwarz inequality with respect to £? yields the result.

25 As for the second inequality, given (8,w, o) € X g, we form the system
g =—-AB+o in
=V in 2
e . 1)
t°gs :==tc — (B — Vw) in(
B=0 w=0 on 0f).
»s  We can form the following variational formulation: (8,w,o) € X5 s.t.
(VB, Ve + (0, ¢)a = (81, 9)a Ve € Xp
(V.-0o,0)q =(g2,v)q Yve X, (22)

(o, T)a — (B, T)a+ (Vw, 7)o =t%(gs3, 7)o VT € Xo.
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Setting ¢ = B, v = w, and T = o, integrating the third equation of (22) by parts, and
adding all three equations together yields

IVBIIE + llalla < llgillo - 1Bl + llgzlle - [lwlla +tllgslla - tlle|lo. (23)

For the second term on the RHS of (23), we observe by the Poincare inequality that
lwlle < C|IVwlla < C|t*gs — t20 + Blla < O(|lgslla + o |la + [18]]0),

from which we obtain

IVBI[E + Ellolle < Clllgilla + llgzlle) - 18]l + Cllgalla - *llgslla
+ C(tllgalla + tllgslle) - tllola-

Now, the first term on the RHS can be dealt with using Poincare’s inequality and the e-
Young’s inequality while the second and third terms on the RHS can be dealt with using the
e-Young’s inequality:

IVBIG +Ellellé + IVwld < Clllgulls + lgald + [1°gs][5).

As for ||V - Blla, we have ||V - B|lq = |[g2]|o. Finally, for the second-order term, we
consider

to obtain |[tAB||q < ||to|la + ||tg1]|q. Altogether, we have
H(ﬁvc‘%a’)H%S

< Clllgally + lftgal 3 + llgalld + 1228l [2)
< Ot (Jtga |3 + llgalld + [12gel[2) < Ot 2 - Bys((B,w,0); (B,w, ).

O

While the least squares formulation based on (18) seems a natural choice, hitherto it has
not been employed in practice. One reason is that a direct application of the least squares
functional to second-order problems requires that the approximation space be a conforming
subspace of H?, i.e. continuously differentiable elements are required when using finite
element methods, which is often viewed as unattractive by finite element practitioners. To
circumvent this issue, several approaches exist in the literature. The first is to reduce second
order problems to first order problems by introducing auxiliary variables, which increases the
size of the corresponding linear system. The second more sophisticated approach is to recast
the least squares formulation in terms of a negative norm (i.e. H~') residual, which in the
context of finite elements allows one to retain the advantages of least squares formulations
while only requiring continuous basis functions, as in [11, 16].

One advantage of applying the Galerkin Neural Network framework to the H? least
squares formulation is that the regularity and global nature of functions in the set V7 is
determined solely by the regularity of the activation function o. In other words, choosing o €
C%(Q) is sufficient to ensure that the resulting neural network functions are H?2-conforming.

15
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Figure 11: For t = 107% the y-component of the true error 3 — 3; (top row) and the
y-component of the basis function NV (bottom row) for the 1st, 3rd, and 5th iterations of
Algorithm 1 for the univariate problem with variational formulation on B g, £/5.

4.2.1 Benchmark Problem with Constant Load

We return to the constant load univariate problem described in Section 4.1, this time applying
Algorithm 1 to the variational formulation involving B¢ and £55. The hyperparameters
are chosen as described at the beginning of Section 4.

Figures 9-12 show the analogous results to Figures 7-8 for the least squares approach de-
scribed by (19). We denote by @M, oMV and 77V the basis functions used to approximate
B3, w, and o, respectively. Figures 11-12 show comparisons of the basis functions ¢V and
oMY with the errors in B3 and w, respectively. We observe that no locking effect nor any
spurious oscillations are present in the shear stress.

4.2.2 Benchmark Problem with Sinusoidal Load and Boundary Layer

We again consider the problem described in Section 3, this time with n = 1. In this case,
the solution is fully two-dimensional and the shear stress contains a boundary layer of width
O(t™1). Figure 13 shows the true shear stress in the z-coordinate when t = 1072 as well
as the neural network approximation to the shear stress when B,¢ and £;5 are used in
the variational formulation with Algorithm 1. Figure 14 shows the errors in the B g-norm
and L?-norm for each primal variable. The hyperparameters are chosen as described at the
beginning of Section 4.

We observe that while the mixed least squares variational formulation on X g is capable
of providing a uniformly accurate approximation in ¢ when the solution is smooth, the same
cannot be said for problems with boundary layers. In particular, we observe that most of

16



265

266

267

268

269

270

271

272

True Error, w— wj, i=1 True Error, w — wj, i=3 True Error, w — wj, i=5
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Basis Function, v, i=1 i Basis Function, vV, i=5
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Figure 12: For t = 1079, the true error w — w; (top row) and the basis function vV

(bottom row) for the 1st, 3rd, and 5th iterations of Algorithm 1 for the univariate problem
with variational formulation on B g, £1s.

True Shear Stress o'V, i=1 Approximate Solution, a,m, i=6

Figure 13: Left: True z-component of shear stress. Right: Neural network approximation
of z-component of shear stress with variational formulation on 8,5, £15.

the approximation error in the z-coordinate of the shear stress is encoded in its y-derivative
— 0" /0y — while the variational formulation posed on Bs, £.¢ only contains information
about oW /0.

4.3 Least Squares Based on Brezzi-Fortin Formulation

A third variational formulation of the Reissner-Mindlin problem starts by considering the
Helmholtz decomposition of the shear stress which explicitly accounts for both the irrota-
tional and solenoidal components of the shear stress. By writing the Helmholtz decompo-
sition of the shear stress as ¢ = V1p — Vr, Brezzi and Fortin arrived at the following
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277

equivalent formulation to (17) [14]: seek (r, B, p,w) € Hy(Q) x H§(2) x H'(Q)/R x Hj(£2)
such that

(Vr, Via = (g, )a Vi€ Hy(Q)

(VB,Ve)a+ (Vip,@la= (Vr@)a Ve € Hy(Q) (24)
(8, V*q)a — t*(Vip, Vig)a =0 Vg € H'(Q)/R

(Vw, Vv)g = (B +t*Vr, Vu)q Vv € HL(Q).

Thus, the system (24) may be solved in three stages: first, a straightforward solution of the
Poisson equation with data g to obtain r; second, a solution of the perturbed, rotated Stokes
problem with data (Vr,0) to obtain 8 and p; and finally, another straightforward solution
of the Poisson equation with data —V - (8 + t*Vr) to obtain w.

In this work, we shall apply the Galerkin Neural Network algorithm based on a least
squares formulation of each of the equations of (24). We shall focus the brunt of our attention
on the inner perturbed Stokes problem. As stated in (24), the inner product described by

((,3,]?)7 (/Bap)) = (V,@, VSO)Q + (vaa ‘P)Q + (/37 VLQ)Q - t2<va7 vlq)ﬂ

is not positive definite. In particular, the choice 8 = ¢ = (1,1)T and p = ¢ = 2+ y
vields ((3,p), (8,p)) — —2t3|Q| < 0. Instead, we consider a least squares formulation of
the perturbed Stokes problem, which consists of the variational problem posed on Xgp :=
(H2(Q) N H(Q)) x (H(A;Q)/R) where HY(A; Q) :={v e HY(Q) : Av € L*(Q)} and Xpp
is endowed with the norm

1
(e, )l|sr = (i) + 15 (V% BNE + lallt @) + 11tAd|[F2q) + 160nal 3172 (90))

Energy Error vs. GNN Iteration L2 Error in 8 vs. GNN Iteration

3

(8 = Bisw — wiso = oi)llles
1103, o)ll1s

3 5 2 E
GNN Tteration GNN Tteration

Figure 14: Relative energy error, relative L? error in 3 and w, and H! error in o after each
iteration of Algorithm 1 for the Reissner-Mindlin plate with boundary layer and variational
formulation on B g, L1 5.
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Figure 15: Errors after each iteration of Algorithm 1 for the univariate problem with

variational formulation on Bgr, Lxp.

Exact Error, 82 - %), i=1 Exact Error, B2 - g%, i=3 Exact Error, B2 — B2, i=5

200 (3

Estimated Error, /2™, i=1 Estimated Error, ¢ (20 g

Estimated Error, ¢;

Figure 16: For t = 1076 in the univariate problem with variational formulation on B pgp,
£5r: (a)-(c) True error 8@ — B (d)-(f) Basis function ¢ ™",

with
%BF((IB7P)9 (907 Q)) = (_A/B + VJ-pv —AQO + VLQ)Q + t_2<v X /3 + t2Ap7 V x ®w + tgAQ)Q
+ t2(8np, (9nq)H_1/z(aQ)
Ler((,q)) == (Vr,—Ap + Vq)q.

2o Here, H~'/2() is the dual space to the Sobolev-Slobodeckij space [19] H'/2(Q) and (-, -) jr-1/2(q
20 1S its associated inner product.
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Estimated Error, g/, i=1 Estimated Error, ', i=3 Estimated Error, pP¥, i=5

X 2 -1.0

Figure 17: For t = 109 in the univariate problem with variational formulation on B gy,
£pp: basis function pMV.

Estimated Error, gV, i=1 Estimated Error, gV, i=3 Estimated Error, gV, i=5
i i i

Figure 18: For t = él())*G in the univariate problem with variational formulation on B BF,
5 2),NN

Lpp: basis function g,

Approximate Shear Stress, U,m, i=1 Approximate Shear Stress, a,m, i=3 Approximate Shear Stress, a,m, i=5

x 2 -1.0

Figure 19: For t = 10~2 in the univariate problem with variational formulation on Bpgp,
Lpr: approximation a’l@) = —0p;/0x — Or;/y.
281 The following result demonstrates that the Helmholtz least squares variational formu-
22 lation for B and p is both continuous and coercive, thus allowing us to apply Algorithm

283 1 .
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Figure 20: Energy error and L? error in B and w for the problem with sinusoidal load with
variational formulation on Bgr, Lar.

Proposition 4.3. Let (8,p) € Xpr and suppose 0 < t < 1. There exist constants C; > 0
and Cy > 0 independent of t such that

Bpr(B,p0;e,q) < CLl|(B,p)llsrll(e, Dlxsr  Y(B,p), (¥,q0) € Xpr

Proof. We begin by applying the Cauchy-Schwarz inequality with respect to L? and H~'/2:

Brr((8,0); (¢, ) <= AB+Vplla-|| = Ap + Viqllo
FIV % B+ £2p)la - 17V x @+ 2Ag)|o
+ 210upl 1-17200) - 1|00t 17200
< (1Bl + Il @) (el r2i0) + lallr@)
+ (H%(V x B)lla + lltplla2@) - (||%(V < @)lla + lltgll2@)
+ 2)10npl 117200 * |10nd] 1-1/2(00)-

22 An application of the Cauchy-Schwarz inequality with respect to ¢? yields the first result.
285 As for the second inequality, given (3,p) € Xpp, we form the system

g =—-AB+Vip in Q
t-go:=VxB+t*Ap inQ
=0 on 0f2
g3 :=1-0up on 0f).

(25)

From [15], we have the a priori estimate

1811720 + 121l (@) + [1EAPIG < Cllgalle + [lg2118)-

from which we further obtain

1811320y + o1l @) + [1EAPIG < Cllgalle + g2l + [tgsl[F-1/2(00))-
(69)
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Basis Function, ¢;
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Figure 21: For ¢ = 1072 in the problem with sinusoidal load with variational formulation
on Bpr, Lzr: (a)-(c) True error B — ,62(1). (d)-(f) Basis function """,

Additionally, we have

1
17(V > B)lla < [[tAplle + [lg:lle
< Clllgille + g2l + |[tgsllr-1/200))
which completes the proof. O]

Approaches based on the H~! norm of the residual of the second equation in (24) and
the L? norm of the residual of the third equation have again been explored in [10, 15],
but approaches based fully on the L? norm of the interior residuals, as described by Bgp,
have not been used hitherto in practice due to the necessity of H? regularity. Nevertheless,
Proposition 4.3 shows that the ratio M/« for the formulation based on Bpr and Lpp is
independent of ¢ and a quasi-optimal approximation should be expected.

We note that the term t2(9,p, 9,q) H-1/2(90) corresponds to the weak enforcement of the
boundary condition d,p = 0. The computation of H~/? inner products is not straightforward
but could, in principle, be achieved using singular integrals [31]. Instead, for simplicity and
to avoid unnecessary technical distractions, we elect to impose the boundary condition on p
more strongly by considering the penalization t*(9,p, 9,q)sq. More specifically, we consider
the modified bilinear form

Bpr((B,p); (¢,q) == (—AB+ Vip, —Ap + Vq)g +t72(V x B+ 1*Ap, V x ¢ + 12Aq)q
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Figure 22: For ¢ = 1072 in the problem with sinusoidal load with variational formulation
on Bpr, Lzr: (a)-(c) True error B — ,62(2). (d)-(f) Basis function @'V,

)

+ t*(0np, 0nq) o02-

In order to apply this formulation to the examples in 4.2.1 and 4.2.2, we must determine
the appropriate boundary conditions on 7 and p. We impose r = 0 on 0€2. Due to the
periodic nature of 3 and w along x = —7 and z = 7, o is also periodic along * = —7 and
x = 7. Since we have

(o -t)(z,y) = (Vr-t)(z,y) — (Vip-t)(z,y)
= _(VJ_p ’ t)((L’,y) = —(Vp ’ n)(x7y) V(J?,y) € 00

where t is the unit counterclockwise tangent vector, we must have Vp-n|,— . +Vp-n|,—, =0
on 0f).

4.3.1 Benchmark Problem with Constant Load

Figure 15 shows the loss function (estimated energy error with respect to Bpr) per Galerkin
Neural Network iteration as well as the L? error of the rotation 3 and shear stress o for
t =1,1072,107*,107% in the case when n = 0. We denote by ¢ the basis functions for
approximating 3 and by ¢ the basis functions for approximating p. The hyperparameters
for this example and all remaining examples are chosen as described at the beginning of
Section 4 with the exception that the activation function for each basis function for 8 and
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p is 0;(z) = tanh((1 4 0.557)z). Figure 16-19 show the true errors and basis functions for
1 =1,3,5. We observe no issues with locking.

4.3.2 Benchmark Problem with Sinusoidal Load and Boundary Layer

We next turn our attention to the model problem when n = 1. Figure 20 shows the loss
function per Galerkin Neural Network iteration as well as the L? error of the rotation 3 and
shear stress o for t = 1,107!,1072,1072 in the case when n = 1. Again, we observe no issues
with locking. More importantly, we observe good resolution of the boundary layer as seen
in Figure 25. Figures 21-24 show the true errors and basis functions for + = 1, 3, 5.

4.3.3 Triangular Wave Forcing Term

We next consider the case when the forcing term is the triangular wave shown in Figure 26.
The domain and boundary conditions considered are the same as in 4.2.2. The triangular
wave function has a Fourier series representation given by

8 = sin?(nm/4)
gr(z) = ) Z — 2 cos(nx),
n=1

from which the exact solution may be obtained by superimposing the solutions corresponding
to each n, as in Section 3.

Figure 27 shows the loss and L? error in 3 and o while Figures 28-31 show the basis
functions M, MV and ¢MV as well as the approximations 3; and p;. We again observe
that the boundary layer is resolved correctly.

5 Conclusions

We have presented a neural network approach to approximating Reissner-Mindlin plates
which is uniformly accurate in the plate thickness. The main contributions of this work are
as follows. The neural network framework utilized is oblivious to the nature of the PDE and

Basis Function, p*¥, i=1 Basis Function, p*¥, i=3 Basis Function, ™, i=5

Figure 23: For ¢ = 1072 in the problem with sinusoidal load with variational formulation
on Bpr, Lpr: basis function ,uZNN.
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Basis Function, gV, i=1 Basis Function, gV, i=3 Basis Function, g/'V, i=5

Figure 24: For ¢ = 1072 in the problem with sinusoidal load with variational formulation
on Bpr, Lpp: basis function ¢V

320 thus requires no structural modifications in order to be applied to the Reissner-Mindlin model
;21 other than a continuous, coercive, symmetric, positive-definite bilinear operator. In present-
32 ing results for two new least squares variational formulations of the Reissner-Mindlin plate,
23 we have demonstrated even for neural networks the importance of selecting a variational
524 formulation which does not exhibit degenerate behavior as the plate thickness is reduced.

Approximate Shear Stress, c'f”, i=3 Approximate Shear Stress, c'f”, i=5 Approximate Shear Stress, c'f”, i=7

(b)

Approximate Shear Stress, c'fz’, i=3 Approximate Shear Stress, c'fz’, i=5 Approximate Shear Stress, c'fz’, i=7

Figure 25: For ¢ = 10~ 2 in the problem with sinusoidal load with variational formulation
on Bpp, Lpp: (a)-(c) Approximation o\ = dp; /0y — Or;/0x. (d)-(f) Approximation o> =
—0p;/0x — Or;/Dy.
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Figure 26: The triangular wave function gr.

Moreover, in comparison to traditional finite element methods, a reduction of the PDE to
a first order system of least squares (FOSLS) is unnecessary with Galerkin neural networks
as the activation functions are global without element continuity constraints and are only
required to be elements of H*, where k is the order of the PDE. Additionally, the accurate
resolution boundary layer problems using finite element approaches typically requires the use
of graded meshes around the boundary layer. Our approach in comparison does not utilize
any a priori knowledge of the location of the boundary layer. Finally, numerical results are
provided for a complex benchmark problem which exhibits a boundary layer in the shear
stress, and we also provide a framework for synthesizing a large class of test problems with
analytic solutions which are crucial for evaluating performance of numerical methods — even
beyond neural network approaches — applied to Reissner-Mindlin plates.
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Figure 27: Energy error and L? error in 3, w, and o for the problem with triangular wave
load with variational formulation on Bgr, Lzr.
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Exact Error, B; — By, i=1 Exact Error, B; — By, i=3 Exact Error, B; — By, i=5

Estimated Error, ¢}V, i=1

Figure 28: For ¢ :NIO_6 in the triangular wave forcing term problem with variational
formulation on Bpr, Lpr (a)-(c) True error B — ,81-(1). (d)-(f) Basis function @Y.

)

27



Exact Error, 8 — By, i=1 Exact Error, 8, — By, i=3 Exact Error, B — B i, i=5
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Figure 29: For t = 1075 in the triangular wave forcing term problem with variational

formulation on Bpp, Lz (a)-(c) True error B2 — ﬁi@). (d)-(f) Basis function go§2)’NN.

Estimated Error, ', i=1 Estimated Error, /', i=3 Estimated Error, /', i=5

X 2 -1.0

Figure 30: For ¢ :~1O_2 in the triangular wave forcing term problem with variational
formulation on Bgr, Lgp: basis function uf-v N
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Figure 31: For ¢ :~10_2 in the triangular wave forcing term problem with variational
formulation on Bpp, Lzp: basis function ¢VV.

Approximate Shear in x-direction, i=3 Approximate Shear in x-direction, i=5 Approximate Shear in x-direction, i=7

Figure 32: For ¢ :~10*2 in the triangular wave forcing term problem with variational

formulation on Bgp, Ler: (a)-(c) Approximation a'i(l) = Op,; /0y — Or;/0x. (d)-(f) Approxi-
, @ _ o o o

mation o;” = —0dp;/0x — Or;/0y.
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7 Appendix

The coefficients A, (t), B,(t), Cn(t), and D,(t) appearing in (13) are determined by the
boundary conditions: 3, = 0 and w,, = 0 on I'p with periodic conditions on I',e;,. Namely,
we require that 3, (z,1) = 0 and w,(z, 1) = 0 while the periodic boundary conditions on I'pe,
are automatically satisfied thanks to the structure of 3, and w,,. Additionally, satisfying the
PDE —AB, +t%(B, — Vw,) = 0 gives rise to an additional constraint T/ (y) —n*Y,(y,t) =
U, (y,t) — 1.

These requirements lead to a linear system of equations which determine the coefficients
given by

(Mot coth(Ay) - Ap(t) — 1 Bp(t) —n- Co(t) —n - Dy(t) = —%
nt - An(t) — (ncoth(n) + 1) - B,(t) — ntanh(n) - C,,(t) — ntanh(n) - D,(t) =0 (26)
)~ Calt) — (14 ) D) =~ —

(2n - B,(t) + tanh(n) - D, (t) =0

The solution to (26) can be computed directly but has a rather complicated form. How-
ever, one can instead seek a series approximation valid for ¢ < 1 of the form

2

. Lt
An(t) = Yo + Fit + Vo + O(t?),

where @, (t) is the vector of coefficients @,(t) = (A,(t), Bn(t), Co(t), Dn(t))T. Let M, ()
denote the coefficient matrix and F,(t) the right-hand side of (26), respectively. Then
expanding M ~1(t) as a Taylor series about ¢ = 0 yields the series expansion

An(t) = [M7H0) — M~H(0)M'(0) M (0)t 4 (=M ~(0)M”(0)M~*(0)+

2M‘1(O)M’(O)M‘l(O)M’(O)M‘l(o))g + Ot L (t).
The vectors 7y, 71, and 75 are thus given by
‘ 0
o= MH0)F(0) = n4(2:ih512n7:1)(2n)) ncot_h?nt)arihgrzzg +1
2n?2

Fi = ~ M O)M(0)MH(O)F(0) + M (0)FL(0) = 0
5o = M O)F(0) — (M1 (0)M”(0)M(0) + 20 (0)M'(0) M~ (0)M'(0)M ~(0)) 7, (0)

2/n —4
10 sinh(2n) —2tanh(n)/n
10 2n + sinh(2n) | 2(ncoth(n) — 2n* + 1) /n?
0 4
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Figure 33: Coefficients A, (t), Bn(t), C,(t), Dn(t) and their series expansions for n =
1,10, 20, 30.

0
sinh(2n) 2 4 tanh(n)/n
+ <2n + sinh(2n)) —4(ncoth(n) — 2n* +1)/n?
-8

We note in particular that A,(t) = O(t?) and therefore, the factor A, (t)/t* which appears
in (16) remains bounded as ¢t — 0.

Moreover, Figure 33 shows plots of A, (t), B,(t), Cn(t), and D, (t) versus t along with
their approximations for n = 1,10, 20, 30. It is clear that the series expansions are highly
accurate for t < 1072. As n is increased, discrepancies between the coefficients and their
series expansions appear to also increase for t > 1072. However, since the Fourier coefficients
of B,, w,, and o, generally decrease in magnitude as n increases, the net effect of these
discrepancies is negligible. Indeed, Figure 34 shows the error in 3, w, and & for the problem
in Section 4.3.3 with ¢ = 102 when the exact coefficients are used compared to the series
expansions. We thus use the simpler series expansions when computing the exact solutions
for all model problems.

Lastly, we note that the evaluation of quantities such as sinh(\,y) and cosh(\,,) for small
t in (13) requires the use of high-precision arithmetic libraries, such as [24] in Python, in
order to accurately evaluate the true solution.
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Figure 34: Errors in the true solution of the model problem in Section 4.3.3 with ¢ = 1072
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x1077
1

=

f==}

—_

0
-1 -2
Y

32



362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

References

1]

[6]

[7]

[10]

[11]

[12]

[13]

[14]

M. AINSWORTH AND J. DONG, Galerkin neural networks: a framework for approx-
imating variational equations with error control, SIAM J. Sci. Comput., 43 (2021),
pp. A2474-A2501.

M. AINSWORTH AND J. T. ODEN, A posteriori error estimation in finite element
analysis, Computer methods in applied mechanics and engineering, 142 (1997), pp. 1-
88.

M. AINSWORTH AND K. PINCHEDEZ, The hp-mitc finite element method for the

reissner—mindlin plate problem, Journal of computational and applied mathematics,
148 (2002), pp. 429-462.

D. N. ARNOLD, Discretization by finite elements of a model parameter dependent prob-
lem, Numerische Mathematik, 37 (1981), pp. 405-421.

D. N. ARNOLD anD R. S. FALK, Edge effects in the reissner-mindlin plate the-
ory, in Presented at the winter annual meeting of the American Society of Mechanical
Engineers, vol. 1, 1989, p. 12.

D. N. ArNOLD AND R. S. FALK, A uniformly accurate finite element method for the
reissner—mindlin plate, STAM Journal on Numerical Analysis, 26 (1989), pp. 1276-1290.

—, The boundary layer for the reissner—mindlin plate model, STAM Journal on Math-
ematical Analysis, 21 (1990), pp. 281-312.

I. BABUSKA AND M. SURI, Locking effects in the finite element approximation of elas-
ticity problems, Numerische Mathematik, 62 (1992), pp. 439-463.

J. BERG AND K. NYSTROM, A unified deep artificial neural network approach to partial
differential equations in complex geometries, Neurocomputing, 317 (2018), pp. 28-41.

J. BRAMBLE AND T. SUN, A negative-norm least squares method for reissner-mindlin
plates, Mathematics of computation, 67 (1998), pp. 901-916.

—, A negative-norm least squares method for reissner-mindlin plates, Mathematics of
computation, 67 (1998), pp. 901-916.

S. C. BRENNER, L. R. ScoTT, AND L. R. ScoTT, The mathematical theory of finite
element methods, vol. 3, Springer, 2008.

F. Brezzi, K.-J. BATHE, AND M. FORTIN, Mized-interpolated elements for reissner—

mindlin plates, International Journal for Numerical Methods in Engineering, 28 (1989),
pp. 1787-1801.

F. BreEzzi AND M. FORTIN, Numerical approrimation of mindlin-reissner plates,
Mathematics of computation, 47 (1986), pp. 151-158.

33



396

397

398

399

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

[15]

[16]

[17]

[23]

[24]

[25]

[20]

[27]

28]

[29]

Z. CA1, Least squares for the perturbed stokes equations and the reissner-mindlin plate,
SIAM Journal on Numerical Analysis, 38 (2000), pp. 1561-1581.

Z. CA1, X. YE, AND H. ZHANG, Least-squares finite element approximations for the

reissner-mindlin plate, Numerical linear algebra with applications, 6 (1999), pp. 479-
496.

D. CHENAIS AND J.-C. PAUMIER, On the locking phenomenon for a class of elliptic
problems, Numerische Mathematik, 67 (1994), pp. 427-440.

T. DE Ryck, S. LANTHALER, AND S. MISHRA, On the approximation of functions
by tanh neural networks, Neural Networks, 143 (2021), pp. 732-750.

E. DINEzzA, G. PArLAaTUCCI, AND E. VALDINOCI, Hitchhiker’s guide to the fractional
sobolev spaces, Bulletin des sciences mathematiques, 136 (2012), pp. 521-573.

R. DURAN AND E. LIEBERMAN, On mized finite element methods for the reissner-
mindlin plate model, Mathematics of computation, 58 (1992), pp. 561-573.

K. HORNIK, Approximation capabilities of multilayer feedforward networks, Neural net-
works, 4 (1991), pp. 251-257.

T. J. HUGHES AND L. P. FRANCA, A mized finite element formulation for reissner-

mandlin plate theory: Uniform convergence of all higher-order spaces, Computer Meth-
ods in Applied Mechanics and Engineering, 67 (1988), pp. 223-240.

X. Jin, S. Car, H. L1, AND G. E. KARNIADAKIS, Nsfnets (navier-stokes flow nets):

Physics-informed neural networks for the incompressible navier-stokes equations, Jour-
nal of Computational Physics, 426 (2021), p. 109951.

F. JOHANSSON ET AL., mpmath: a Python library for arbitrary-precision floating-point
arithmetic (version 0.14), February 2010. http://code.google.com/p/mpmath/.

E. KHARAZMI, Z. ZHANG, AND G. E. M. KARNIADAKIS, hp-VPINNs: variational

physics-informed neural networks with domain decomposition, Comput. Methods Appl.
Mech. Engrg., 374 (2021), pp. Paper No. 113547, 25.

M. Liu AND Z. CAIL, Adaptive two-layer relu neural network: Ii. ritz approximation to
elliptic pdes, arXiv preprint arXiv:2107.06459, (2021).

C. Ma, L. Wu, ET AL., The barron space and the flow-induced function spaces for
neural network models, Constructive Approximation, (2021), pp. 1-38.

J. A. OPSCHOOR, P. C. PETERSEN, AND C. SCHWAB, Deep relu networks and high-
order finite element methods, Analysis and Applications, 18 (2020), pp. 715-770.

M. L. Piscopo, M. SPANNOWSKY, AND P. WAITE, Solving differential equations

with neural networks: Applications to the calculation of cosmological phase transitions,
Physical Review D, 100 (2019), p. 016002.

34



439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

456

457

[30]

M. Raissi, P. PERDIKARIS, AND G. E. KARNIADAKIS, Physics-informed neural net-
works: A deep learning framework for solving forward and inverse problems involving
nonlinear partial differential equations, Journal of Computational Physics, 378 (2019),

pp. 686-707.

S. A. SAUTER AND C. SCHWAB, Boundary element methods, in Boundary Element
Methods, Springer, 2010, pp. 183-287.

J. W. SIEGEL AND J. XU, Approzimation rates for neural networks with general acti-
vation functions, Neural Networks, 128 (2020), pp. 313-321.

J. SIRIGNANO AND K. SPILIOPOULOS, Dgm: A deep learning algorithm for solving
partial differential equations, Journal of computational physics, 375 (2018), pp. 1339—
1364.

R. STENBERG, A new finite element formulation for the plate bending problem, Asymp-
totic methods for elastic structures, (1995), pp. 209-221.

R. STENBERG AND M. SURI, An hp error analysis of mitc plate elements, STAM journal
on numerical analysis, 34 (1997), pp. 544-568.

M. Surl, I. BABUSKA, AND C. SCHWAB, Locking effects in the finite element approx-
imation of plate models, Mathematics of computation, 64 (1995), pp. 461-482.

R. VERFURTH, A posteriori error estimation and adaptive mesh-refinement techniques,
Journal of Computational and Applied Mathematics, 50 (1994), pp. 67-83.

E. WEINAN AND B. YU, The deep ritz method: A deep learning-based numerical algo-

rithm for solving variational problems, Communications in Mathematics and Statistics,
6 (2018).

X. YANG, S. ZAFAR, J.-X. WANG, AND H. X1A0, Predictive large-eddy-simulation
wall modeling via physics-informed neural networks, Physical Review Fluids, 4 (2019),
p. 034602.

Y. Zanc, G. Bao, X. YE, AND H. Zuou, Weak adversarial networks for high-
dimensional partial differential equations, Journal of Computational Physics, 411 (2020),
p. 109409.

35



	Introduction
	Galerkin Neural Network Framework
	Boundary Layer Resolution using Neural Networks
	Benchmark Solution of Reissner-Mindlin Plate Exhibiting Boundary Layers
	Function Fitting of Reissner-Mindlin Shear Stress

	Variational Formulations of the Reissner-Mindlin Model
	Natural Variational Formulation
	Mixed Least Squares Variational Formulation
	Benchmark Problem with Constant Load
	Benchmark Problem with Sinusoidal Load and Boundary Layer

	Least Squares Based on Brezzi-Fortin Formulation
	Benchmark Problem with Constant Load
	Benchmark Problem with Sinusoidal Load and Boundary Layer
	Triangular Wave Forcing Term


	Conclusions
	Acknowledgement
	Appendix

